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Chapter 1

Power Series

1.1 Limsup and Liminf

The limit superior of a sequence {z,} in R is defined by

lim z, = limsupx, := lim <sup xm> = inf (sup xm>

n—00 n—00 n=00 \m>n n20 \m>n
The limit inferior of a sequence {x,,} in R is defined by

lim x, = liminfz, := lim < inf acm) = sup ( inf xm>

n— 00 n—00 n—o0 \m>n n>0 \m=n

When {z,,} has no upper bound, we say lim, , ¥, = +oo; when {z,} has no lower bound, we say

lim, .z, = —o0.

Theorem 1.1.1. Let H = lim ,,. Then

(a) When H is finite, there are infinitely many «,, falling in the interval (H — ¢, H 4 ¢) for any ¢ > 0, while
there are only finitely many (or even zero) z,, falling in (H + ¢, 4+00).

(b) When H = +oo, for any N > 0, there are infinitely many z,, such that z, > N.

(¢) When H = —o0, limz,, = —oc0.

Proof.

(@) —oo < H < +oo: the statement will be proved if we show that for any £ > 0 there are infinitely many
terms z,, greater than H — ¢ and only finitely many terms z,, greater than H + ¢. We show the first
part: BWOC, suppose there is some ¢y > 0 s.t. there are only finitely many x,, greater than H — ¢q, say
Tnyy ety Tn,. Thus, x, < H — gq for all n > ny. Therefore, for all n > ny, the supremums have

Bn = Sup T;m = sup{xn,xnﬂ, o } <H- €o
m>n
Thus,

H= lim z, = lim B, < H —¢g
n— 00 n—o0
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which is a contradiction. We show the second part: let 3,, = sup,,,>, Tm. Since lim, o 3, = H, Ve,
N € Nsit. |B, — H| < e, ie., H—¢ < 3, < H+ . Since 3, is supremum of {z,, X, 11, -}, We see

whenn > N,
VEEN, 2y, < By <H+e¢

Thus, those x,, with z,, > H + ¢ must have n < N, which shows that there are only finitely many =z,

satisfying x,, > H + ¢.
(b) That’s because H = 400 when {x,,} has no upper bound by definition.

(c) When H = —o0, for any G > 0, there exists ng, when n > ng, 11 < Bn < —G, so limz,, = —oc.

We have a liminf counterpart of the above theorem:

Theorem 1.1.2. Let h = lim x,,. Then

(a) When h is finite, there are infinitely many z,, falling in the interval (h — ¢, h + ¢) for any £ > 0, while

there are only finitely many (or even zero) x,, falling in (—oco, h — €).
(b) When h = —o0, for any N > 0, there are infinitely many z,, such that x,, < —N.
(¢) When h = 400, limz,, = +oo.

Another useful theorem is

Theorem 1.1.3. For limsup H and liminf & of {x,,}, there exists a subsequence {z,, } with limit # and H is
the largest among all limits of convergent subsequences of {x,, }; there also exists a subsequence {z,, } with

limit ~ and h is the smallest among all limits of convergent subsequences of {x,, };

Corollary 1.1.4. limz,, = A (finite or infinite) iff lim z,, = limz,, = A.

Example 1.1.5. a, =n+ (—1)"n(n =1,2,3,---). It only has two subsequences with limit (including co):

agr, and aggy1(k = 1,2, 3,---). The limits are respectively +oco and 0, so

lim a, = +o0, lim a, =0
n—oo n—oo

Example 1.1.6. a, = cosjn(n = 0,1,2,---). Since —1 < cos47m < 1, when n = 8k(k = 1,2,---

) )

agr — 1(k — oo); whenn = 4(2k + 1), (k =1,2,3,--+), as2rx+1) — —1(k — o0). Thus,

lim a, =1, lim a, = —1
n—oo n—oo

Proposition 1.1.7. suppose lim,, ;- z, = x, —00 < x < 0. Then

n— 00 n—00

n—oo
lim (z,y,) = lim z, - lim y,.
n—oo n—oo n—o0
suppose lim,, o z, = 2,0 < z < co. Then
lim (z,y,) = lim z, - lim y,;
n— 00 n—oo n—o0

lim (z,y,) = lim z, - lim y,.
n—oo n—00 n—o0o

6
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Proof. We prove the first two equations. The others are similar. limz,, = =, —00 < z < 0, so for any given
£(0 < e < —x), there exists positive integer N; such that for all n > Ny,

r—e<zx,<zx+e<O.

Let limy,, = H,limy, = h. Then for the above £(0 < ¢ < —z), there exists N such that for all n. > Ny,

h—e<y, < H+e.

Let N = max {Ny, N2}. Then for n > N,

min{(z —e)(H +¢),(x+e)(H +¢)} < zpyn < max{(x —e)(h—¢),(x+¢)(h —¢)},

Thus,
lim (anyy) > min{(z — £)(H +2). (x+)(H +2)}.
Jin (z,y,) < max{(z —)(h — <), (@ + ) (h — <)),

By arbitrariness of ¢, we get
lim (z,y,) = xH = lim z, - lim y,,
n—o00 n— o0 n— o0

lim (z,y,) <zh= lim z,- lim y,.
n— o0 n— 00 n—o00

Since
1 1
lim y, = lim [ ~ (xnyn)} > lim — - lim (z,yn,),
n— o0 n—oo | Tn n—oo Ty N0
_ T 1
lim Yn = lim |: : (xnyn):l < lim — - lim (xnyn)a
n— 00 n—oo | T, n—=00 Tp n—oo
we have

lim (z,y,) < lim z, - lim y,,
n—oo n—oo n—oo

n— oo n—roo n—oo

Combine the last four equations to get

lim (z,,y,) = lim 2, - lim y,
n—oo n—oo n—oo

lim (z,y,) = lim z, - lim y,.
n—oo n—oo n—oo

Proposition 1.1.8.

— clim, .oz, ¢>0
lim (cxy,) = _
n—00 clim, .z, ¢<0
Similarly,
. clim Tz, ¢>0
lim (czn) =4 —" 7"
n—roo clim, yoon, ¢<O0

In particular, ¢ can be —1.
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Proof. This is due to the similar result from supremum and infimum. For example,

lim (cx,) = lim sup (cz,,) =

limy, 00 (€ - SUP, >y, Tim) = cliMy o0 SUP >y, T € >0
n— o0 n— 00 mzn

limy, oo (- inf>p ) = climy oo infp>p 2 ¢ <0

O

In fact, once we have lim z,, = —lim(—x,,), we only need to state limsup half in the following observations
(for 1.1.9 we have lim(z,, + y,) > limz, + limy,; for 1.1.10 we have lim(z,y,) < (limz,)(limy,)). We
omit the proofs.

Proposition 1.1.9. If {z,,} and {y,} are two sequences of real numbers, then

limsup (z,, + y») < limsup z,, + limsup y,,

n—oo n— oo n— oo

provided the sum on the right is well defined (i.e., excluding the case where one summand is co and the
other is —oo ). If one of the sequences converges then the equality holds (with the same proviso).

Proposition 1.1.10. If {z,} and {y, } are two sequences of positive real numbers, then

lim sup (x,y,) < (lim sup acn) (hm sup yn) ,

n—r oo n—oo n—r oo

provided the product on the right is well defined (i.e., excluding the case where one factor is 0 and the other
is 0o ). If one of the sequences converges then the equality holds (with the same proviso).

1.2 Series

1.2.1 Comparison Test

Suppose we have two nonngegative series » ., u, and y ., v,, and they have the following relationship:
de>0,st.u, <cv, n=kk+1,k+2,---

for some £, i.e., each term of the first series is dominated by the second after (k — 1)-th term. Since partial
sum sequence of nonnegative series converges iff the sequence is bounded, one observes

* > w, converges = Y  u, converges;
* > u, diverges = Y v, diverges.
We have the functional version: for real functions 0 < f,,(x) < g,(z),
* > gn(z) pointwise/uniformly converges = > f, () pointwise/uniformly converges;
* > fu(x) diverges = > g, (x) diverges.

where the pointwise one follows immediately from the number series version and the uniform one follows
from Cauchy criterion for uniform convergence Let £ > 0, then exists N € N such that for any m,n € N if

N < m < n then
n n
SIS o

k=m k=m

<

<e

Then ) f,, is uniformly convergent.
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1.2.2 Series of Complex Numbers
Let {z,}52, be a sequence in C, then the series > °  z, converges to z iff the sequence of partial sums
{Sn(zn)} = {Zgzo zn} converges to z, i.e.,

Ve >0, 3K € N, s.t.VN > K : [Sn(z,) — 2| <e.

We say the seires > z,, converges absolutely if > |z,| converges. Note that {|z,|} is a nonnegative se-
quence and {Sn(|zn|)} = {27]:/:0 |zn|} is a monotone (nonstrictly) increasing sequence, so boundedness of
{Sn(|zn|)} is a sufficient condition for convergence of }_ |z, |. Two basic facts are presented first:

Theorem 1.2.1. If the series E?:o zn, converges, then z, — 0 asn — oo.
Proof. Since limy_,o Sn(z,) = z for some z, we get lim z,, = im(Sy(z,) — Sn—1(2n)) =2 — 2z = 0. O
Theorem 1.2.2. If ) z,, converges absolutely, > z,, converges.

Proof. Y z, converges absolutely, so for any € > 0 there is K s.t. M, N > K (WLOG, M > N) implies
e > [Su(lznl) = Sn(lzal)l = [lzarsa] + -+ lan |l = |21 + -+ 2n] =[S (2n) — S (z0))

so {Sn(zy)} is Cauchy and thus converges by completeness of C. O

Complex series can relate to real series in one way:

Theorem 1.2.3. Let z,, = a, +ib, (n = 1,2, ---), where a,, and b,, are real numbers. Then the series > ° 2,
converges to z = a + ib for real numbers a and b iff >~ 7 ja, =aand Y > b, = b.

Proof. Apply [10] Proposition 3.5 to the sequence Sy (z,) = A, +iBy = (ZnN:O an> +1 (25:0 bn). O

Example 1.2.4. Consider the series Y ° | (1 + ;5). 3 1 diverges. Thus, even though }" 5 converges, the
whole series diverges.

1.2.3 Sequences of Complex Functions

Consider a series of functions { f,,(z)}>2, commonly defined on a set E C C. Several notions of convergence
are defined:

1. Pointwise convergence (PC): Ve > 0,Vz € E,IN(g,2) € N, st.Vn > N : |fn(2) — f(2)| <&
2. Uniform convergence (UC): Ve > 0,3N(c) € N, s.t.Vz € E,Vn > N : |fn(2) — f(2)| <&;

2’. [Equivalent definition of uniform convergence]: sup{|f.(z) — f(2)| : 2 € E} = 0 as n — co.
3. Absolute convergence (AC): pointwise convergence of {|f,(2)|}5%,-

4. Local uniform convergence (LUC): Vz € E, there is a neighborhood U of z in F such that the
sequence { f,,(2)}52, converges uniformly.

5. Compact convergence (CC): For each compact set K C E, the sequence {f,(z)}>2, converges uni-
formly.

It turns out that for functions on C (and in fact on a large class of reasonably nice spaces), the last two
notions are equivalent.

Proposition 1.2.5. Let E be an open set in C. Then the sequence { f,,(z)}22, converges locally uniformly in
E iff it converges compactly in E.
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Proposition 1.2.6. Sequence {f,,(2)}°, converges compactly in B(a, R) iff it converges in B(a,r) for every
0<r<R.

Proof. Each closed disk is compact. Each compact set is closed and bounded and is thus contained in some
closed disk in B(a, R). O

Example 1.2.7. A simple example, with F the open unit disk, is provided by the sequence f,(z) = z". We
notice that sup{|z"| : z € B(0,1)} = sup{|z|™ : |z| € [0,1)} = sup|0,1) = 1. Thus, {z"} does not uniformly
converge. However, if 0 < rg < 1 then this sequence converges uniformly to 0 in the disk |z| < 7, and so it
converges locally uniformly to 0 in the disk |z| < 1.

1.2.4 Series of Complex Functions

Consider a series of functions { f,,(z)}72, commonly defined on a set E C C and the sequence of partial sums
{SNn(fn(z))}. We say the series converges pointwise/absolutely/uniformly/locally uniformly/compactly if
the sequence {Sn(f.(z))} does so. We restate them:

1. Pointwise convergence (PC): Ve > 0,Vz € E,3K(c,2) € N, s.t. YN > K : |Sy(fn(2))(2) — f(2)| < &;
2. Uniform convergence (UC): Ve > 0,3K(¢) € N, s.t.Vz € E,VN > K : |Sy(fn(2))(2) — f(2)| < &;

3. Absolute convergence (AC): pointwise convergence of > | f(2)], i.e., {Sn(|fn(2)])}3021-
4

. Local uniform convergence (LUC): Vz € E, there is a neighborhood U of z in F such that the
sequence {Sn(fn(2))}3_, converges uniformly.

5. Compact convergence (CC): For each compact set K C E, the sequence {Sn(f.(2))}3_, converges
uniformly.

To prove uniform convergence, one usually strengthens the inequality by finding P, (z) and @,, such that

SN (fn(2)) — f(2)] < Pu(z) < Qn

and then finding K for which it is true under N > K by @,, < ¢. To show a series of functions is not uniform
convergent, one proves the negation, which is obtained by switching existential and universal quantifiers
and negating the statement:

Je > 0,VK € N,3zp € E,3INy > K s.t.|Sn, (fn(2)) — f(20)] > €

Just like pointwise Cauchy and uniform Cauchy for sequence of functions, we have pointwise Cauchy and
uniform Cauchy for complex series. We will use the last one.

Theorem 1.2.8. [Cauchy criterion for uniform convergence]

The series ., f,(z) converges uniformly on F iff Ve > 0, 3N (¢) € N, such that Vz € E,
‘fn+l(z)++fn+p(z>|<€ (p:1727>

Theorem 1.2.9. [Weierstrass M-test]

Suppose that {f,(2)}>2, is a sequence of complex-valued functions defined on a set E, and that there is a
sequence of non-negative numbers M,, satisfying the conditions

* |fu(z)| < M, foralln > 0and all z € F;
e >, M, converges.

Then the series >~ , f,,(z) converges absolutely and uniformly on E.

10
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Proof. Convergence is absolute by comparison test. It is also uniform by applying Cauchy criterion for
uniform convergence to the following

‘fn(z) +"'+fn+p(z)| < |fn(z)| +eee ‘fn+p(z)| < Mn + "'+Mn+p
[

Weierstrass M-test is often used in combination with the uniform limit theorem (see, e.g., [9] Theorem
21.6). Together they say that if, in addition to the above conditions, the functions f,, are continuous on F,
then the series converges to a continuous function f(z). A natural question of concern is about the conver-
gence of the termwise differentiation and integration of the sum and that of the limit function. We showed
in [10] Corollary 5.33 for the integration of a convergent sequence of complex function, so Sy (f,)(z) = f(2)
implies fw f(z)dz = limy_ o0 fw Sn(fn)(%)dz. Counterpart for differentiation needs theorem 1.2.6, which
translates in terms of series as

Proposition 1.2.10. Series ) f.(z) converges compactly in B(a, R), i.e., converges uniformly for each
compact set in B(a, R), iff it converges in B(a,r) for every 0 < r < R.

Example 1.2.11. [Geometric series] Z;’:’:O 2",

Consider 320 |2|". Since 1 — [z[N+1 = (1 — |2[)(1 + |2| + - -- + |2|), we have 30 |2|" = 1_1|f||1:|+1. If

|z| < 1, then the series converges absolutely. Replacing |z| with z in the above argument, one obtains the
limit function 1. The convergence is also compact in the disk |z| < 1: for every closed disk B(0,r) with
0 < r < 1 the series converges uniformly by applying Weierstrass M-test to || < r™. If |z] > 1, then
lim |z|™ = oo and the series diverges.

However, the series does not converge uniformly on B(0,1). This is a simple consequence of the fact that

each function Sy (") = Zfzo 2" is bounded while the limit function f(z) = {1 is not. Hence each function

Sy — f is unbounded, that is, the sup-norm of S, — S is infinite, in particular the sequence of the sup-norms
does not converge to zero. This last assertion is equivalent to the fact that { Sy} does not converge uniformly

to f.
Theorem 1.2.12 (Termwize Differentiation of Series). Suppose we have

(a) asequence of functions f,(z) (n = 1,2,...) that are analytic in the region D;

(b) the series > "7, fn(z) converge compactly to the function f(z) inside D: f(z) = > | fu(2).
Then

(1) the function f(z) is analytic in the region D;

(2) forall z€ Dand p=1,2,..., we have f®)(z) = 32 £{P)(2).

(3) The series S°°° , £{")(z) converges compactly to f®)(z) in D.

n=1J1
Proof. The third is left as an exercise. We prove the other two.

(1) Let zo be any point in D, then there exists p > 0, such that the closed disk K : |z — 2| < p is completely
contained within D. If C' is any contour within the disk K : |z — 29| < p, then by Cauchy’s integral theorem
we have

/fn(z)dzzo, n=1,2,...,
c

Since the series Y~ | f,(z) converges uniformly on K, and f,(z) is continuous, by uniform limit theorem,
we know that f(z) is continuous on K. From [10] Corollary 5.33, we have

/c f(z)dz=i /C fulz)dz =0,

11
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Thus, by Morera’s theorem, we know that f(z) is analytic within K, that is, f(z) is analytic at the point z.
Since z, was arbitrary, f(z) is analytic in the region D.

(2) Let 2o be any point in D, then there exists p > 0, such that the closed disk K : |z — 2| < p is completely
contained within D, and the boundary of K is the circular path I : |z — 29| = p. Hence, by [10] Theorem
8.5, we have

f(p)(z()) — p!_/F(Cf(C)pHd(, (p=1,2,...),

2mi — 2p)

! n
FiP(20) = me/r(gfz(()c))WdC’

On T, by condition (b) we know the series

f(©) _i fn(<)
=

(C =zt = (C= 20!

converges uniformly. Thus, by [10] Corollary 5.33, we get

/(C e p+1d< Z/ —z0P+1 de,

Multiplying both sides by 2 2 , we obtain the desired result:

oo

FP (20) = S5 (20) (p=1,2,---).

n=1

O

The proofs above are almost the same as those for [14] Theorem 5.2 and 5.3 about sequence of any holo-
morphic functions (note that sequence of sums are also sequence of holomorphic functions).

Theorem 1.2.13. If {f,},, is a sequence of holomorphic functions that converges uniformly to a function
/ in every compact subset of Q, then f is holomorphic in .

Theorem 1.2.14. Under the hypotheses of the previous theorem, the sequence of derivatives {f,,} -, con-
verges uniformly to f/ on every compact subset of ().

Of course, there is nothing special about the first derivative, and in fact under the hypotheses of the last the-
orem, we may conclude (arguing as above) that for every k£ > 0 the sequence of k-th derivatives { fy(,,k)}

n=1

converges uniformly to f(*) on every compact subset of €.

In practice, one often uses Theorem 1.2.13 to construct holomorphic functions (say, with a prescribed prop-
erty) as a series

2)=> ful2). 1.1
n=1

Indeed, if each f,, is holomorphic in a given region Q) of the complex plane, and the series converges uni-
formly in compact subsets of {2, then Theorem 1.2.13 guarantees that F' is also holomorphic in  (this is
the first claim of 1.2.12) For instance, various special functions are often expressed in terms of a converging
series like (1.1). A specific example is the Riemann zeta function.

12
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1.3 Power Series

A power series about a is an infinite series of the form > > ¢,(z — a)™. If a power series converges to a
function f in a given region, we shall say that the series represents f in that region. It is important, however,
to distinguish the series from the function it represents. For example, as shown in the last section, the series
>, 2" represents the function - in the disk |2| < 1. However, the series is not “equal” to the function,
in a formal sense, even though we can write >~ (2" = 1 for |z| < 1. The same function is represented
by other power series; for example, it is represented by the series > 2 27"~!(z + 1)" in the larger disk
|z + 1| < 2, as the reader will easily verify. A power series is best thought of as a formal sum, uniquely
determined once its center and its coefficients have been specified.

1.3.1 Power Series Representation of Analytic Function

Our final goal of this subsection is to show that a power series is analytic and that an analytic function can
be represented by power series. We first continue studying the convergence of series.

Proposition 1.3.1. [Abel’s Theorem] If the power series > ° ¢, (z—a)™ converges on a point z; (# a), then
it converges absolutely and compactly in the open disk with center a and radius |z; — al, i.e., K : |z —a| <
|z1 — a|. The series diverges for |z — a| > |z; — al instead.

Proof. Let z be any point in K. Since Y ,° ¢, (21 — a)" converges, each of its term must be bounded: IM > 0
such that
len (z1—a)" | <M (n=0,1,2,--+),

n
cn (21 —a)” (; C;)
=

< 1 = the geometric series

Therefore,

len(z —a)"| =

zZ—a
zZ1—a

SinceVz € K, |z —a| < |z1 —a| =

oo

> M

n=0

n
zZ—a

zZ1—a

converges for each z € K. Thus ¢, (2 — a)" converges absolutely in K. Besides, for any closed disk K, in
K,K,:|z—a| <p(0<p<|z1 —a]), we have
<M (p ) ,
|21 —al

By convergence of the last geometric series, apply Weierstrass M-test to see > ° ¢, (z — a)™ converges uni-
formly in K ,. Then use 1.2.10. The fact that The series diverges for |z — a| > |z; — a| instead is proved by
way of contradiction. O

zZ—a

len(z —a)"[ < M

zZ1 —a

If a power series has no such z; # a for which it converges, then the series only converges at z = a. For
example
1—}—2—"—2222—"-'-'—‘1-%"2”—"-'-'
only converges at z = 0.
The power series can also converge (pointwise) for all z. For example
22 z"
Lzt og ot ot

13
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2

For any fixed z, after some n, it has % < 3. Thus, 7Tn| < (%)n shows that it is dominated by a convergent
geometric series for every z. The convergence is absolute and compact.

By Abel’s theorem, if the power series does not fall into the above two cases, then the power series converges
for at least |z — a| < |z; — a| for each z; on which it converges (pointwise). Then we can let R be the
supremum of |z; — a| ranging over all z; on which it converges (pointwise) and see that the series converges
for |z — a|] < R and diverges for |z — a| > R. Obviously, a number R making the series “converge for
|z — a] < R and diverge for |z — a| > R” is unique.

Definition 1.3.2. Let > > ¢, (= — a)" be a power series. We define the radius of convergence of the series
R as the unique number such that the series converges in |z — a| < R and diverges in |z —a| > R. If R > 0
then the series converges absolutely and compactly in the disk |z — a| < R; if R < oo then the series diverges
at each point of the region |z — a| > R. R does not give information for situation on the circle |z — a| = R.

Presently we shall obtain a general expression for the radius of convergence of a power series in terms of its
coefficients.

Theorem 1.3.3 (Cauchy-Hadamard Theorem). Consider a power series >~ ¢, (z — a)™. Then the radius
of convergence R is given by

R= (limsup|cn|1/n>1 : (1.2)
n—o00
That is, it satisfies

(a) The series converges absolutely for |z — a| < R;

(b) The series diverges for |z — a| > R;

(c) The series converges for every closed disk |z — a| < r where r < R.

Proof. Assume a = 0. Assume 0 < R < oo (the edge cases R = 0 and R = oo are left as an exercise). Due to
1.1.1 (a),

1
Un - — 4 e (1.3)

1
Ve >0,3INst.n>N= ——¢e<|c| 7

R

So |cn| < (% +¢)" forn > N. Let z € B(0,R), i.e., |z| < R, we have |z| (4 +¢) < 1 for some fixed ¢ > 0
chosen small enough. That implies that for n > N (for some large enough N as a function of ¢ ),

Z len2"| < Z {(]1% —1-5) |Z]n7
n=N n=N

so the series is dominated by a convergent geometric series, and hence converges. For (b), when |z| > R, we

evoke the other side of (1.3): |c,| > (% —¢)" for n > N. Besides, |2| (4 —¢) > 1 for some small enough

fixed € > 0. Thus
et 5[50

n=N n=N

L) ce
E S Cp,

so the power series diverges as the geometric series diverges.

Then

n
For (c), one chooses p between r and R and then evoke Weierstrass M-test for |c,,2"| < (%) . O

14
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Theorem 1.3.4 (d’Alambert Test). If > c¢,(z — a)™ is a given power series with radius of convergence R,

then
Cn

R = lim

n—oo

Cn+1
if this limit exists.

Proof. See [2] proposition 1.4. O
Example 1.3.5. Find radius of convergence of Y7 /(3 + 4¢)"(z — )*"

Solution. Notice that the coefficients of the odd terms are 0, so we cannot apply the formula directly. Let
fa(2) = (34 44)"(z — )™

Then
fn-‘rl (Z)

When 5|z —i|? < 1, i.e, [z —i| < é, the power series is absolutely convergent. When 5|z — i|? > 1, i.e.,

lim

n—oo

(3 + 4i)" 1 (2 — i)2n+2 . _ ' |
e ’ (3+ 4i)"(z — i)2n = nh_{go (3 4 4i)(z — i)?| = 5]z — i|?

|z —i] > %, the power series diverges. Thus R = %

Definition 1.3.6. Function f(z) is said to be representable by power series in U if VB(a,r) C U, there
corresponds some power series >~ ¢, (= — )" that converges in B(a,r) and equals f(z).

Theorem 1.3.7 (Power series is analytic and can be differentiated termwize). Power series >~ ¢, (2 —a)",
denoted as f(z), is analytic on B(a, R) = {z : |z — a| < R}, where R = radius of convergence. Besides, for
z € B(a, R),

f(z) = Z nep(z —a)"
n=0

Thus, if f is representable by power series in an open set U C C, then f € H(U) := the set of all analytic
functions on U and derivative is given above.

Proof. We can assume a = 0 becasue we can apply chain rule with g(z) = z — a to f(z) = > ¢,2" on each
z € B(0,R), and R is defined regardless of a. We write

oo N oo oo
f(z) = Z 2" = Z cn 2" + Z ez, g(z) = Z nep 2"t
n=0 n=0 n=1

n=N+1
N————
Sn(2) En(z)

The claim is that f is differentiable on B(0, R) and its derivative is the power series g. Since limn'/" =

1
limeloen™ =1, it is easy to see that f(z) and g(z) have the same radius of convergence by using 1.1.7. Fix
zo with |z9| < r < R. We wish to show that M converges to g (zp) as h — 0. Observe that

e+ h})L S G0) - (SN (0 + h})l —Sx () _ g (ZO)>
. (EN (o 1)~ B <zo>> + (Sh (20) = g (20))

The first term converges to 0 for h — 0 for any fixed IV, because Sy (z) is a polynomial. To bound the second
term, fix some £ > 0, and note that, if we assume that not only |z| < r but also |z + k| < r (an assumption

15
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that’s clearly satisfied for h close enough to 0) then

[eS)
< D lanl
n=N+1
oo
= 2 laal
n=N+1
[e%S)

Z lan|nr" ™t

n=N+1

En (20 +h) — En (20)
h

(20 +h)" — 2
h

hy it h* (2o + )"
h

IN

where we use the algebraic identity

a" —b"=(a—0b)(a" " +a" b+ ... +ab" 2+ "),

The last expression in this chain of inequalities is the tail of an absolutely convergent series, so can be made
< ¢ be taking N large enough (before taking the limit as h — 0 ).

Third, when choosing N also make sure it is chosen so that |S (z0) — ¢ (20)| < &, which of course is possible
since S% (20) — g (20) as N — oo. Finally, having thus chosen IV, we get that

Jim sup J(20+h) = f(20)
h—0 h

—g(20)| <0+e+e=2e

20)

Since ¢ was an arbitrary positive number, this shows that % — g (20) as h — 0, as claimed. O

Corollary 1.3.8. Let f(z) = Y .7, c,(z — a)™ have radius of convergence R > 0. Then by applying the

theorem to f/, f”" = (f’)’, - - -, the function f is infinitely differentiable on B(a, R) and its k-th derivative is
given by a power seires with the same radius of convergence

o0

F®(z) = Zn(n— D (n—k+1Dep(z—a)"*

n=0
forall k > 1and |z — a| < R. In particular, ™ (a) = nlc,, or ¢, = £ f("(a).
We now show the converse.

Theorem 1.3.9. Let f € H(U) where U C C is open. Then f is representable by power series in U. That is,
for any B(a,r9) C U, f has a power series expansion at a

f)=) enlz—a)
n=0

that is convergent for all z € B (a,r,), where ¢, = £ (a) /n!.

Proof. The idea is that Cauchy’s integral formula ( [10] Corollary 7.22) gives us a representation of f(z) as
a weighted “sum” (=an integral, which is a limit of sums) of functions of the form z ~ (¢ — z)~!. Each
such function has a power series expansion since it is, more or less, a geometric series, so the sum also has
a power series expansion. Note that analyticity is used in Cauchy’s integral formula. Let r < ro. Cauchy’s
integral formula gives

flz) = 1 Lfldf, z € B(a,r)

B Tm dB(a,r) g_
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We write

1 1 1 1 1 = /z—a\"
5—2_(ﬁ—a)—(z—a)_f—adf(zzg _f—az_:(ﬁ—@>

where ¢ € 9B(a,rg). Since z € B(a,r), we see
uniformly for £ € 0B(a, o). Now,

1 1 z—a\"
&)= o 6B(a,r)f(§)£_az<€_a) “
1 Ok fO) (z—a\"
= i aBWvlféozou(ga) &

unif conv.+linearity of int . Z z—a\" df
N—>0027TZ 83((““){7(1 £E—a

& GEAVEES
B Z (27Ti /83(a,7’) (5 - a)n+1 d€> ( )

SN—
3
(=)

< 1, so the geometric series converges

n=0

only depends on a, called ¢,

oo

= Z en(z—a)", z€ Bla,r),r <rg
n=0

We can let 7 — rq since c,, does not depend on 7 (¢, = f(™ (a)/n! by previous result).

O

Remark 1.3.10. We have a new proof showing that an analytic function is infinitely differentiable due to the
corollary 1.3.8. Above theorem also gives a new proof of the n-th derivative of analytic function aside [10]
Theorem 8.5.

1.3.2 Power Series on |z — a| =

We have seen that for given point a in a region D where f(z) is analytic, as long as B(a,ro) C D, we can
uniquely expand f(z) on B(a,r), 0 < r < rg in terms of power series

o0

@)= e(z—a) (1.4)
n=0
where © ( )( )
_ ! f(C _ [ _
27 Jopam (C— a)”“dg =T =03 (1.5)

Hence, the radius can be maximized up to the point where the closure of the ball does not reach the nearest
singularity. In fact,

Theorem 1.3.11. If the power series Y ¢, (z — a)™ has radius of convergence R > 0 and

oo

fz)= Z en(z—a)", z€ B(a,R),

n=0

Then f(z) has at least a singularity on the circle S : |z — a| = R. Namely, there exists no function F'(z) such
that it is analytic on S and agrees with f(z) on B(a, R).

17
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Proof. Aiming for a contradiction, we suppose such F'(z) exists. Then each point on S is the center of some
circle O, and F(z) is analytic in circle O. We by compactness choose finite number of circles to cover S.
These chosen circles form a region G. Denote p > 0 the distance between the boundary of G and C. Then,
F(z) is analytic in B(a, R+ p). Thus, F' can be represented as a series in B(a, R + p). However, F(z) = f(2)
in B(a, R), so their derivatives are the same on z = a. Therefore, > ¢,(z — a)” is just the series for F(z),
and their radius of convergence is no smaller than R + p. Contradiction. O

Corollary 1.3.12. If f(z) is analytic on point a, and point b is the closest singularity of f to a, and if we
define our series by (1.4) with coefficients given by (1.5), then R = |b — a| is the radius of convergence for
the series.

Proof. Suppose not. Then by definition of radius of convergence, it should be the case that there is a radius
R’ < R = |b—a] serving as the radius of convergence. We can choose the ball B(a, (R+R’)/2), whose closure
is inside the open set U = B(a, R). Since B(a, (R + R')/2) C B(a, R), then 1.3.9 implies the series converge
to f(z) for every z € B(a,(R + R')/2) including every z € 0B(a, R') = S(a, R’). This is a contradiction
to above theorem, becasue there should be at least one singularity on S(a, R’) for R’ to be the radius of
convergence. O

Remark 1.3.13. Let R be the radius of convergence of a power series > ¢, (z —a)". Even if the power series
converges for every point on |z — a| = R, its pointwise-defined sum function f(z) := > ¢, (¢ — a)™ still has
at least one singulairty on |z — a| = R. See the following example.

Example 1.3.14. Let
2 3 n

z z z z
f(z):?‘i‘?‘f'sﬁ‘i‘"'"i‘ﬁ-f—"'
Then
1 2
R— lim — lim <"+ > —1>0.
n—00 | Cpi1 n—o00 n

On circle S : |z| = 1, the series

o0 P oo

Z = Z :
n? n?2

n=1 n=1

is convergent, so the original series ) 2" /n® absolutely converges everywhere on |z| = 1. Thus, }_ 2" /n?
converges absolutely and uniformly on B(0, 1). However,

P 22 Zn—l

<1).
— e, (=)

When 2 approaches 1 along the real axis in the unit circle, f’(z) goes to infinity. Therefore, z = 1 is a
singularity for f(z).

1.3.3 Operations of Power Series
Addition

Let Y 0° jan (2 —29)" and >~ (b, (2 — 29)" be two power series with the same center. Suppose the series
Yoo oan (2 — 29)" has a positive radius of convergence R; and the series >~ ° /b, (z — z)" has a positive
radius of convergence Rs.

Exercise 1.3.15. Show that > > (a, + b,)(z — 20)™ has R > min{R;, Ro}.

18
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Multiplication

The Cauchy product of the two series is by definition the power series >~ ¢, (z — 29)™ whose n-th coeffi-
cient is given by ¢, = Y _, arbn_. It arises when one forms all products a; (z — 29)” by, (z — zo)k, adds for
each n the ones with j + k = n, and sums the resulting terms.

Proposition 1.3.16. Their Cauchy product converges in the disk |z — 29| < min {R;, Ry} to the product of
the functions represented by the two original series.

Proof. We can assume without loss of generality that zo = 0. Suppose |z| < min{R;, Ry}. For N a positive
integer we have

N N N
E a; 2’ g bzt | — E cnz"
§=0 k=0 n=0

N
_ }: j+k E: +k
= ajbpz? T — E a;by2’
0<j,k<N n=0 j+k=n
_ +k
= E a;jbpz? ",
0<j, k<N
TSN

It follows that

N N N
g a;z’ E bpz* | — E cpz"
§=0 k=0 n=0

< D0 lagbes ™
J<4, k<N

j+k>N
T

& <max{j,k}<N

N N
< D la;?’] (Zlbkz’“|>+ Dol | |2 [best]
>4 k=0 Jj=0 k>4
< | Dl <Z|bkzk|>+ D laiZ[) | D [bee"|
> k=0 J=0 k>4

The last expression tends to 0 as N — oo, because both series Y72 [a;27| and -2 |bx2"| converge. In
view of the preceding inequality, therefore, we can conclude that

o0 o0 o0

St (L | (Lot

n=0 §=0 k=0
as desired. O
Division
Suppose the power series > >~ (b, (z — 29)" and Y.~ , ¢, (2 — 29)" have positive radii of convergence and
so represent holomorphic functions g and h, respectively, in disks with center z;. Suppose also that g (z9) =
by # 0. The quotient f = h/g is then holomorphic in some disk with center zy. Then f is represented in that

disk by a power series Y. a, (z — 29)", how does one find the coefficients a,, in terms of the coefficients
b, and ¢,,?
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A method that always works in principle uses the Cauchy product, according to which

n
Cp = g arbp_r, n=0,1,...
k=0

From this we can conclude that ay = ¢/by and

n—1
1
ap = % (cn—];)akbnk>, n=12,...

The last equality expresses a,, in terms of ¢,,bg,...,b, and ag,...,a,_1, enabling one to determine the
coefficients a,, recursively starting from the initial value ag = ¢y /bp.

Exercise 1.3.17. Use the scheme above to determine the power series with center O representing the function
f(z) =1/ (1 + z + 2?) near 0 . What is the radius of convergence of the series?
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Chapter 2

Zeros and Residues

The fact that every holomorphic function is locally the sum of a convergent power series has a large number
of interesting consequences. A few of these are developed in this chapter.

2.1 Isolated Zeros

We will see that zeros of non-vanishing analytic functions are isolated and analytic functions that agree
locally actually agree globally. We recall that « € X is a limit point of A if for Ve > 0, B(z,e)N(A—{z}) # &,
and it is easy to show that for metric space (X, d), = is a limit point of A if and only if there exists a sequence
{z;} in A such that ; — = (<« is because each ball B(z,e) of x contain infinitely many «; as along as
i > N(e); for =, see [10] Remark 3.39 to find such sequence). We call a point z in A an isolated point if it
is not a limit point of A. Thus, x € A is an isolated point if there is some B(x, ¢) intersecting no other points
in A, or equivalently, there exists no sequence {xz;} in A converging to x.

Theorem 2.1.1. Suppose U is a region (an open and connected subset), f € H(U), and

Z(f) ={aeU: f(a) =0}
Then either
@ Z(f)=1U,or
(ii) Z(f) has no limit point in U.

In the latter case there corresponds to each a € Z(f) a unique positive integer m = m(a) such that
f(z) =(z=a)"g(z) (z€U), 2.1

where g € H(U) and g(a) # 0; furthermore, Z(f) is at most countable.

Definition 2.1.2. The integer m is called the order or multiplicity of the zero which f has at the point a.
Clearly, Z(f) = U if and only if f is identically 0 in U. We call Z(f) the zero set of f. Analogous results
hold of course for the set of a-points of f («a-level set), i.e., the zero set of f — a, where « is any complex
number.

Proof. Let A = (Z(f))*NU be the set of all limit points of Z(f) in U. Since f is continuous and for each
a€ A, Iz} e Z(f) st z; —» awehave f(a) = f(limz;) = lim f(z;) = lim0 = 0. Thus, A C Z(f).

21



Complex Analysis Anthony Hong

Fix a € Z(f), and choose r > 0 so that B(a,r) C U. By 1.3.9,

o

fz)= Z en(z—a)® (2 € B(a,r)) (2.2)

n=0

There are now two possibilities. Either
(a) all ¢, are 0, in which case B(a,r) C A; or
(b) there is a smallest integer m (necessarily positive, since f(a) = ¢o = 0) such that ¢,,, # 0.

In case (b), define

Crms zZ=aq.

o(e) = {(z —a)"f(z), z€U~{a},

Then (2.1) holds and g(a) = ¢, # 0. We are left with showing g € H(U) to complete the proof. It is clear
that g € H(U — {a}), so we need to show it is complex differentiable at a. In fact,

9(z) = (z —a)"" f(2)
=(z—a)™™ Z en(z—a)”

n=m
o0

— Z cn(z _ a)n—m

= Z Cn+m(2 — a)n (Z S B(G;, T) \ {a’})
n=0

This is also true for z = a: g(a) = ¢y and > 02 Cpym(a — a)" = cogm = Cm- As g(2) =Y or g Cngm(z — a)”
is a power series representation for z € B(a,r), it follows that g € H(B(a,r)). In particular, g is analytic at
z =a, s0 g € H(U). Moreover, since g(a) # 0, the continuity of g shows that there is a neighborhood of « in
which ¢ has no zero. f is nonzero in the same neighborhood by (2.1), so « is an isolated point of Z(f).

Therefore, if a € A = (Z(f))*“ N U (recall a is point in Z(f)), then case (b) cannot occur. Thus a € A =
case (a):B(a,r) C A, which implies that A is open. If B = U — A, it is clear from the definition of A as a set
of limit points that B is open. Thus U is the union of the disjoint open sets A and B. Since U is connected,
we have either A = U, in which case Z(f) = U (so (i) and thus (a)), or A = @ (which is case (ii) and note
that A = @ implies that B(a,r) C A is impossible and thus (b) rather than (a) must be the case). Besides, in
case A = @, Z(f) has at most finitely many points in each compact subset of U, and since U is o-compact,
Z(f) is at most countable. O

Note: The theorem fails if we drop the assumption that U is connected: If U = Uy U Uy, and Uy and U; are
disjoint open sets, put f = 0in Uy and f = 1 in Uy. Then Z(f) = Uy # U. Each z € U is a limit point of U
and is in U.

Corollary 2.1.3. f and g are holomorphic functions in a region U. If there is some sequence {x;} in U s.t.
f(z;) = g(x;) and z; — « for a point = € U, then f = g on U. Thus, if f(z) = g(z) for all z in some set A
which has a limit point « in U, then f = g on U. In particular, A can be an open set or the trace of a path in
U.

Proof. Apply previous theorem to f — g. Note that (f — g)(xz) = (f — g)(limz;) = lim(f — g)(x;) =lim0 =0
implies that = € Z(f — g). Since x; — x, x is a limit point. Previous theorem then says it has to be the case

that Z(f —g) =U. O

This is the result we alluded to when we define e*: if we would have another g € H(C) with g(z) = e for
x € R, then in fact g(z) = e¢* Vz € C.

22



Complex Analysis Anthony Hong

2.2 Isolated Singularities

2.2.1 (lassification of Isolated Singularities

Definition 2.2.1. If a € U and f € H(U — {a}), then f is said to have an isolated singularity at the point
a. If f can be defined at a so that the extended function is holomorphic in U, the singularity is said to be
removable.

Theorem 2.2.2. [Criterion for removable singularity] Suppose f € H(U — {a}) and f is bounded in
B'(a,r) :={z:0< |z —a| < r}, for some r > 0. Then f has a removable singularity at a.

Remark 2.2.3. We previously had a similar result, but there we assumed f is continuous in U instead of
being bounded.

Proof. Define
h(z):{(z_a) f(2)7 ZEU—{G’}?

0, zZ =a.
h is evidently differentiable at U — {a}, and
h(z) — h(a)

zZ—aQa

=(z—-a)f(z) >0

as z — a due to boundedness of f near a. Thus h € H(U) with h'(a) = 0. Thus we can represent h by a
power series in B(a,r) C U:

h(z) = Z en(z—a)" (z € B(a,r)).
n=2

Notice that the first two coefficients are zero becasue

(n)
Cp = h n'(a), and h(a) = h'(a) =0

We obtain the desired holomorphic extension of f by setting f(a) = c2, for then
> cnga(z—a)" (2 € B(a,r))
n=0

is a power series representation of f at a: 1. the power series has the same radius of convergence as the one
representing h; 2. the power series equals f for z € B(a,r) because (z — a)~2h(z) agrees with this for z # a,
and both sides equal ¢, for z = a after setting f(a) = co. O

We note that boundedness of f is only used for showing that lim,_,,(z — a) f(z) = 0. Therefore, we have the
following criterion:

Theorem 2.2.4. [Riemann’s Criterion on Removable Singularity] Let U C C be an open subset of the
complex plane, a € U a point of U and f holomorphic on U\{a}. The following are equivalent:

(a) f has a removable singularity at «, i.e., f is holomorphically extendable over a.
(b) f is continuously extendable over a.

(c) There exists a neighborhood of a on which f is bounded.

(d) lim,4(z —a)f(z) = 0.

Proof. The direction (a) = (b) = (¢) = (d) is clear. (d) = (c) is shown in the proof of the above theorem
2.2.2. Also note that (b) = (a) can be proved by [10] Corollary 8.16. O
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We introduce two other isolated singularities and claim that together with removable singularity they are
the all isolated singularities.

Theorem 2.2.5. If a € U and f € H(U — {a}), then one of the following three cases must occur:

(i) f has a removable singularity at a.

(ii) There are complex numbers cy, ..., ¢, Where m is a positive integer and c,, # 0, such that
- c
k
2) —
f(2) ; )

has a removable singularity at a.
(iii) Ifr > 0 and B(a,r) C U, then f (B'(a,r)) is dense in the plane.

In case (ii), f is said to have a pole of order m at a. The function

Z cx(z—a)7F

k=1

a polynomial in (z — a)~1, is called the principal part of f at a. It is clear in this situation that |f(z)| — co
as z — a. Coefficient c_; is called residue of f at a, denoted as Res(f;a). In case (iii), f is said to have an
essential singularity at a. A statement equivalent to (iii) is that for any complex number w € C there exists
a sequence {z,} such that z, — a and f (z,,) = w as n — co.

Proof. Suppose (c) fails. Then we must have some w € C and r > 0 such that w ¢ f(B’(a,r)); so there is a
neighborhood B(w, §) of w such that B(w,d) N f(B’(a,r)) = @, i.e., |f(z) —w| > ¢ for z € B'(a,r). Write
B = B(a,r), B' = B'(a,r), and define

1
=—— zePB
g(2) o 2

Clearly, g € H(B') and |g(z)| < . By 2.2.2, g has a removable singularity at z = a, so g extends to g € H(B).
If g(a) # 0, then this means

1
0# [g(a)] = lim |g(z)| = lim ———r
Zep Zep £ (2) = wl

and thus |f(z) — w| has to stay bounded in B’, and so does |f|. Thus again by 2.2.2, f has a removable
singularity at a. (a) holds.

The other case is g(a) = 0. We will show that this implies (b). Obviously, g is not identically zero in the
connected open set B, so we may write

g(z) =(z—a)"g1(2), =z € B,

for some m > 1 and ¢; € H(B) with g;(a) # 0 by 2.1.1. Also, ¢g; has no zero in B’ as g(z) = f(zi_w in B’.
We define h = 1/g; in B and then h € H(B) with h having no zero in B. Now
/) =g ), e B
Z)—w=——=(2—a z), %
9(2)

We expand the holomorphic h into power series: h(z) = >~ b,(z — a)", z € B with 0 # h(a) = by. Thus
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we get
fE)—w=(z—a) " "h(z Zb z—a)" ™
n=0
bU b1 bmfl -
- by (2 — a)"
(z—a)m—i_(z—a)m—l—’_ +z—a+nz::o m(z—a)
bo b1 bn-1 o - o
=f(2) - (z—a)m - (z —a)m1 T L =G(2) '_w"‘ngobrﬂrm(z a)
where G(z) is analytic in B. Thus (b) holds with ¢_,, = bg, -+ ,c_1 = byp—1. O

We put following observations without proof.
Proposition 2.2.6.

(a) If both lim,,, f(z) and lim,_,, ﬁ exist, then a is a removable singularity of both f and %

(b) Iflim,_,, f(z) exists but lim,_,, ﬁ does not exist (in fact lim,_,, |1/f(2)] = 0o ), then a is a zero of f
and a pole of %

(c) if lim,_,, f(z) does not exist (in fact lim, ., | f(2)| = oo ) but lim, ﬁ exists, then a is a pole of f
and a zero of %

(d) If neither lim, ., f(z) nor lim,_,, ﬁ exists, then « is an essential singularity of both f and %

2.2.2 Residue Theorem for One Pole

Suppose now U is open and convex and f € H(U — {a}) has a pole at z = a. Then we can write
2= culz—a)F +g(2)
k=1

for some g € H(U). Thus, if v is a closed piecewise C! curve in U — {a}, then

27m/f - dz’:l,/vRes(f;a)dZZRes(f;a)nﬂ,(a)

2m yZ—a 21 zZ—a

where we used the fact that each z — (2 — a)™*, k > 1 has a primitive 127 (z — a)'~" in a neighborhood
of ~* (since dist(a,v*) > 0) and so their integrals over « vanish. We also invoked the Cauchy theorem to
seege HU) = fw g = 0. We will generalize this residue theorem later after we get to the “global Cauchy
theorem.”

Example 2.2.7. We calculate the integral

oo eax’
/ —dr 0<a<l1l
o 1L t+e

We will show that its value is

sm( a)’

Solution. Let

az

e
f) = 5
Step 1 (find poles): Notice that e?* is entire and that 1 + ¢* = 0 & € = ¢ < 0 = 2k +7(k =
0,+1,---) =kn (k==+1,--), so the poles are z = i = kmi = --- , —3mi, —7i, wi, 3mwi, - - -
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Step 2 (choose path and U): We consider the path v in the picture, and we choose an open convex set Ur
with v}, C U (for instance, Ur can be a small flattening of the box).

Im
Ug ¢ 3mi
l ............................ s
YR \
e T
\ 3 \

T e, R Re

® —i path = red
poles = blue

Step 3 (apply residue theorem): Now, f is analytic in Ug \ {wi}. We apply our toy residue theorem given
just before this example to see

() dz = 2miRes(f; i)

TR

where the winding number n., (7i) is arguably just 1 as shown in the picture (we will develop tools to
systematically justify computation of winding numbers later). Heuristically, we guess the order of the pole
mi is 1 (so then it would be that f(z) = Res(f;7i)(z — mi)~! + g(2) for analytic g, so (z — mi)f(z) =
Res(f;mi) + (z — wi)g(z) — Res(f; i) as z — mi). We calculate

i\ —1
. . e* az e —e
z—mi)f(z) = (2 — i =e
(2 = i) (=) = (= = wi) 7o (Z_m.)
F22mi ami <5€Z> = eOTieT — _gami
z

Thus, indeed, as the limit exists, we must have
Res(f; i) = —e®™
Thus,
/ f(2)dz = —2mie*™
YR

Step 4 (calculate the original integral): We then relate this result to the original real integral. Let

o pax R 0T
I:/ -dxr = lim —dx =: lim Ip
— o 1+€1 R—o0 R 1—{-6“‘c R—o0

The integral of f over the top line of the rectangle with orientation from right to left is along ng(t) =
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—t +2mi, t € [-R, R], so

MR

Thus,

Similarly,

Therefore, by noticing that sinz = ¢

R
ﬂ@M:[RﬂW@MMWH

R ea(7t+27ri)
= */ —t+2mi dt
rl+e

) R efat
e?frza/ — dt
-R 1 +e

r=—1 R
dz=—dt 627ria / et

dx
7R].+€w

eQTriaIR

/ f:(1—62ﬂia)IR+/ f
YR left vertical

Notice, for instance, right vertical is parametrized by t — R + it, t € [0, 2x]. Then,

[ e
right vertical

2m ea(R+it)
= ————idt
/0 1+ etht ’

eaR

27 R
§/0 eR—ldt (eR—1>€2forlargeR)

< Cela—DR R—o0 0

[t
left vertical

efim

5— > we have

(L))

+/ /
right vertical

(a<lsoa—1<0)

R—o0
—0

—2mie*™ = lim f(z)dz = (1 —e*™])

R—o0 R

e 211

™

=1 =-2m =

1— 627ria ewia —

We prove a useful formula to calculate residue of f at a pole.

e*ﬂ'la

sin(ma)

Proposition 2.2.8. If f € H(U \ {a}) has a pole of order n at a, then

Res(f;a) = lim

tim o =i\

N R LC)]

Proof. For f € H(U \ {a}) with a pole a of n-th order, we can write

F2) =Y cr(z—a)F+g(2)

k=1

for some g(z) € H(U). Then g is representable by a power series in U. That is, for any B(a,r) C U, g has a

power series expansion at a

9z = az-a)f
k=0
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that is convergent for all z € B (a, ). Thus,

»(2)
n n 0o Z Ck—n (Z - a)k
f@)=§ja%@—ar*+g@>=§jaku—ark+§jq«z—@k=kﬂ(Z_@n (2.3)

k=1 k=1 k=0

where ¢(z) is a power series with the same radius of convergence as g, i.e., r, since changing finitely many
elements of a sequence does not affect its limsup. Thus ¢(z) is analytic on B(a,r) as shown in class, and its
(n — 1)-th derivative at a is given by

L4 (a) 21i Jop (2 —a) * 24
by noting that the winding number of 0B(a, r) around «a is 1. This computation is shown during the proof of
converse of analyticity of power series, but it can also be inferred from [10] Theorem 8.5. Now we note that
equation (2.3) gives ¢(z) = f(z)(z — a)™ whenever z # a. Therefore,

n—1
P = ) = i () G- ae) @5)

z—a z—a \ dz

The residue is computed as

Res(f;a) L/(jBf(z)dz:L/8 ﬂdz

" 2mi 210 Jop (2 —a)?

(24) L 2mi (n—1)
271 ((n - 1)!('0 (a)

=L Jim o . ! (jz)"—l Fo e

Example 2.2.9. Calculate Res(f;0) for

where sinh(z) := (e* — e %) /2.

z —z

Solution. We now apply this formula to f(z) = sinh(z)e*/z°. Since e is entire, we see sinh(z) = <= is
also entire. Therefore, a = 0 is a pole of order 5 for f. Thus,

1 /d\"', 1 d\* . B
ReS(f,O)—hm(dZ> z f(z)ﬁzhi% (dz) sinh(z)e

z—0 4!
d4 e?* 1
_ 1, Z72) e 11
T 24250 dz4 T T3 T3
There is a rather elementary way to see this, if we recall the power series expansions of sinh(z) and e* at 0:
) ©  2n+l 23 S5 T
81nh(z):;m:z+§+a+ﬁ+...
z z z
z = —_— = 1 _— —_ e
‘ ; T B

Then, )
Res(f;0) = c_1 = coeff([2(2%/3!) + 2(23/6)]/2°) = 3
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2.3 Global Cauchy Theorem

Let 7 : [a,b] — U be a piecewise C! closed path, where U is convex and open. Suppose zyp € C\U. Now

f(z) := —L— is analytic in U, and so by Cauchy theorem on convex set,

Z—Zz0
1 dz
mi) =5 [ 25
1

Thus,
ny(20) Vzp € C\U

Could it be that the validity of Cauchy is not so much about the convexity of U, but rather about this property
of vy itself? Is it true that if v : [a,b] — U is a closed piecewise C'! path with n,(z) =0 Vz € C\U, then for
all f € H(U) we have fv f=0evenif U is just assumed open? Yes!

And even more is true: we can use formal sums of paths (called cycles) and not just individual paths. To this
end, we first quickly study the following concepts of chains and cycles.

2.3.1 Chains and Cycles

Suppose 71, .. ,7, are paths in the plane, and put K = +; U --- U~;. Each ~; induces a linear functional 7;
on the vector space C(K), by the formula

W) = [ fes
Define B
=5+ -+

Explicitly, T'(f) = 31(f) + -+ + 3n(f) for all f € C(K). The above relation suggests that we introduce a
“formal sum”

P=mt--Fm=) v
i=1

and define

[ 1z =T
r
Then T = ~;+ - - -+, is merely an abbreviation for the statement

/F fdz =3 [ fd (f e o)),

i=1"7i

Note that this equation serves as the definition of its left side. The objects I" so defined are called chains. If
each~; inI' = )" | v, is a closed path, then I' is called a cycle. If each v; in ' = )" | ~; is a path in some
open set U, we say that I' is a chain in U. If ' = >"_, +; holds, we define

[ =~fu--- U

If T is a cycle and « ¢ T*, we define the index of o with respect to " by

Indr(a) = — / dz
T

2mi Jpz —a’
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Obviously, I' = "7 | ~; implies

Indr(« Z Ind., (a

Ifeach~; inT' = )" , v, is replaced by its opposite path %;, the resulting chain will be denoted by —I'. Then

/ f(2)dz = - / f()dz (feC ().
—-T I

In particular, Ind_r(«) = —Indr () if T' is a cycle and « ¢ T'*. Chains can be added and subtracted in the
obvious way, by adding or subtracting the corresponding functionals: The statement I" = I"; + I'; means

/ f(z)dz = f(z)dz + f(z)dz
T Iy I
for every f € C (I'f UT%). Finally, note that a chain may be represented as a sum of paths in many ways. To

say that
Ay, = G 0

> [ s

i i

means simply that
Ydz = Z/ f(z)dz
i 7%

for every f that is continuous on v U- - -U~;t UdT U- - -UJf. In particular, a cycle may very well be represented
as a sum of paths that are not closed.

2.3.2 Global Cauchy Theorem
We will use the following lemma for proof of the global Cauchy theorem.
Lemma 2.3.1. If f € H(U) and g is defined in U x U by

[T,
UG e

then g is continuous in U x U.

Proof. The only points (z,w) € U x U at which the continuity of g is possibly in doubt have z = w.

Fix a € U. Fix € > 0. There exists r > 0 such that B(a,r) C U and |f'(§) — f'(a)| < e for all £ € B(a,r). If z
and w are in B(a,r) and if

v(#) = [z, w](t) = (1 — t)z + tw,
then v(t) € B(a,r) for 0 <t¢ < 1. When (w, z) # (a,a), by [10] Corollary 5.45,

o) —g(o,) = T ey = - [ pieyie - ra)

/ PO @)dt — f(a) = / FO0)) — (@)t

w—z 0

and this equation is also true for the case (w, z) = (a,a) where v(¢) = a for 0 < t < 1. The absolute value of
the integrand is < e, for every ¢. Thus |g(z,w) — g(a, a)| < e. This proves that g is continuous at (a,a). O
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Theorem 2.3.2. [Global Cauchy Theorem] Suppose f € H(U), where U C C is an open set. If I' is a cycle
in U that satisfies

Indr(a) =0 for every a not in U, (2.6)
then
f(2) - Indp( / dw forzc U —T" 2.7)
~ omi -z
and
/ f(z)dz =0. 2.8)
r
If Ty and I'; are cycles in U such that
Indr,(a) = Indp, ()  for every a not in U, 2.9
then
f(z)dz = f(z)dz (2.10)
F() Fl

Proof. The function g defined in U x U by

fw)—f(2) ifw £ 2,
9(zw) = f'(z) ifw=z,

is continuous in U x U by the lemma, so h(z) defined by the integral

1
h(z) = %/Fg(z,w)dw (z€U)
is well-defined. Since [. f/(z)dw = 0 and 5% [ =G gy — L J0dw p(y 1yqn(2), the formula
(2.7) is equivalent to the assertlon that
hz)=0 (z€eU-T%) (2.11)

To prove equation (2.11), let us first show & is continuous on U. Fix zy € U and an arbitrary sequence
{zn} € U,zy, = 20. As g : U x U — C is continuous, it is uniformly continues on compact sets of U x U.
Choose r s.t. B(zy,r) C U. Fix e > 0. Now, y is uniformly continuous on B (zp,7) x I'* = 3§ < r s.t.
whenever (z1,w1), (22, w2) € B (20,7) x T'* satisfy | (21, w1) — (22, w2)| < & then |g (21, w1) — g (22, w2)| < €.
Now, choose N s.t. z,, € B(z0,d) Vn > N. Then Vw € T'* we have for all n > N that

|g(zn,w) - 9(2’0710)‘ <e
as (zn,w), (20, w) € B(20,6) x I'* C B(z,r) x I'* and |(2p,,w) — (20, w)| = |2 — 20| < . Therefore,
gn(w) = g(2n, w) = g(20, w)

uniformly for w € I'*. Then

. 1 . . 1
A hzn) = 55 im | ge(w)dw =575 |l ga(w)dw = 72

9(z0, w)dw = h(zp)
r

This shows that & is continuous at zq. Since z, is an arbitrary point in U, h is continuous on U.

To further show that h € H(U), we recall Morera’s theorem ( [10] Corollary 8.14) that a function U — C is
analytic on an open set U if its integral over any triangle 9A in U is zero. Now,

1 Fubini 1
hzdz:/ (/ z,wdw)dz—_ (/ z,wdw)dw
/M (2) o \ 2 F9( ) 5t | Mg( )
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Now, with w € I'* fixed, the function z — ¢(z,w) is obviously analytic in U \ {w} and continuous in U.
Hence, we can either use Cauchy for triangles that allow a special point ( [10] Theorem 6.3), or conclude
that z — g(z,w) is in H(U) as the singularity at z = w must be removable by continuity. In either way, we
have [, . g(z,w)dw = 0. Thus, [, h(z)dz = 0 and Morera’s theorem gives h € H(U).

p(z) = 1_/Ff(€)d§ (ze C\T™)

21t Jp € —

and show its analyticity. This is more straightforward than h. In fact, recall how we proved that an analytic
function can be developed into a power series by writing it via Cauchy’s integral formula and expanding
into a power series (see 1.3.9). The same strategy can be applied to p.

Fix z5 € C\ I'* and choose ¢ > 0 such that B(zy,2d) C C\ I'"*. Write

Next, we define function

1
E—z

1 _ 1 _i z—zo
E—z E—21— £ — zo)n 1’

20 n()

which uniformly converges for ¢ € I'* and z € B(zg,0) because B(z,25) C C\I'* = |£ — 29| > 2J and

2 € B(2,0) = |z — 2| < 6, so‘z Zo‘g%f—.Then

o~ 1 f(& .

Cn

Thus, p € H(B(zp,9)). Since zg € C\ I'* was arbitrary, p is analytic in C \ T"*.

Now, we have analytic functions

h(z)z%ég(z,w)dw (z€U)
we) =5 [ L ecrr)

We glue them to get an entire function, which will exploit the assumption on I'" we still didn’t use, i.e.,
nr(a) =0,Vae C\U.

Let Q:={z € C| T : np(z) = 0}. Our assumption on I' implies that C\ U C Q, and so C =U U .
If z € UNQ, then both h and p are defined, and in fact, we have

he) = g [ L e 1)@ = 0t

2me Jr € — 2

So we can define ¢ € H(C) by setting

This is well-defined, since in U N 2 we have h(z) = p(z).

Notice that Q is open: Q = n'B(0,1) as n,, : C\ I'* — C is Z-valued and continuous. It is then clear that
¢ € H(C), as for each z € C there is an open neighborhood in which ¢ equals to & or p.

Our final step is to show h = 0.
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We will apply Liouville’s theorem to . Notice that I'* is bounded and so I'* C D for some closed disk D,
Thus C\D ¢ C\I'* and for big |z| we must be in the unbounded connected open set C \ D where np(z) = 0.
So for big |z| we have z € 2 and so

()] = Ip(2)]| = er/f(f)dg’ S i

E—z 7| 7 2w dist(z, ')
, ! f©) | _ SUPceris(©)] [/l
I'= dist(2,I'") < |€ - < =
(5 €l = dist(zI") < £ — 2] = Eseulp E—z| — dist(z,I') dist(z, ')

This implies ¢ is bounded in C (compare to the argument in the proof of the fundamental theorem of
algebra) and
w(z) = 0as |z| = o0

By Liouville’s theorem ( [10] Corollary 8.10), ¢ is constant and the constant must be 0. So h(z) = ¢(z) =0
for z € U, and h(z) = 0 for z € U\I'*, so (2.7) is verified (notice that np(z) only makes sense in U \ I'*,
not in whole U). To deduce (2.8) from (2.7), we pick zyp € U\I'* and define F(z) = (z — 20) f(2). Then
F € H(U) and they apply to F to give

=0

1 1 F(z) , = B
3 Ff(z)dz-Q—m, FZ_ZOdZ—F(ZO)nF(ZO)—O.
Finally, the path deformation claim follows from applying (2.8) to " :=T'; — T'g. O

Remark 2.3.3.

(a) If v is a closed path in a convex region  and if « ¢ €, an application of Cauchy’s theorem on convex
set to f(z) = (2 — a)~! shows that Ind. () = 0. Assumption on I' in global version is therefore satisfied by
every cycle in Q if €2 is convex. This shows that global version generalizes Cauchy’s theorem and formula on
convex set.

(b) The path deformation part of the above theorem shows under what circumstances integration over one
cycle can be replaced by integration over another, without changing the value of the integral. For example,
let U be the plane with three disjoint closed discs D; removed, i.e., U = C\ (D1 U Dy U D3). If T, v1,v2, 73
are positively oriented circles in €2 such that I" surrounds D; U Dy U D3 and «; surrounds D; but not D; for
j # 1, then

Vo € C\ U, Indr(a) = Ind.y, 4,4+ ().

and for every f € H(Q).

== [ sy

i=1

r

Al 2

©.®
O
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(c) In order to apply global Cauchy, it is desirable to have a reasonably efficient method of finding the index
of a point with respect to a closed path. The following theorem does this for all paths that occur in practice.
It says, essentially, that the index increases by 1 when the path is crossed “from right to left.” If we recall
that Ind, (a)) = 0 if « is in the unbounded component of the complement W of v*, we can then successively
determine Ind, () in the other components of W, provided that W has only finitely many components and
that ~ traverses no arc more than once.

Theorem 2.3.4. Suppose 7 is a closed path in the plane, with parameter interval [«, 5]. Suppose o < u <
v < f8,a and b are complex numbers, |b| = r > 0, and

@ y(u) =a—by() =a+b,
(i) |y(s) —a|l <rifandonlyifu < s <w,
(iii) |y(s) —a|=rifand onlyif s = wor s =v.

Assume furthermore that D(a;r) —~* is the union of two regions, Dand D_, labeled so that a+bi € D and
a—bi € D_. Then
Ind,(z) =1 + Ind, (w)

ifx € Dyand w € D_. As «(t) traverses D(a;r) from a — b to a + b, D_is "on the right” and D_is "on the
left” of the path.

Proof. See [12] Theorem 10.37 O

2.3.3 Homotopy

We introduce a concept in algebraic topology that is also related to Cauchy’s theorem. First, to be clearer
on the terminology, we would say curves are continuous but not necessarily differentiable while paths are
assumed to be piecewise C'.

Suppose 9,71 : I — U are closed curves in a topological space X. We say that vy and ~; are U-homotopic
if there is a continuous map H : I x I — U such that

H(S,O) :’70(5)5 H(Svl) :’71(5)5 H(Ovt) :H(lvt)
forall s € I'and t € I. Put y.(s) = H(s,t). Then H defines a one-parameter family of closed curves v in X,
which connects 7y and ;. Intuitively, this means that v, can be continuously deformed to ~;, within X.

If 7o is U-homotopic to a constant mapping v, (i.e., if 7§ consists of just one point), we say that 7, is null-
homotopic in U. If U is connected and if every closed curve in U is null-homotopic, U is said to be simply
connected.

For example, every convex region (2 is simply connected. To see this, let v be a closed curve in (2, fix z; € (2,
and define straight-line homotopy

H(s,t) =(1—t)v(s)+tz1 (0<s<1,0<t<1)

Theorem 2.3.6 will show that (2.9) in the global Cauchy holds whenever I'y and I'; are U-homotopic closed
paths. As a special case of this, note that condition (2.6) of 2.3.2 holds for every closed path I" in U if U is
simply connected, since constant paths necessarily have zero index.

Lemma 2.3.5. Let vy and ~v; be closed paths with parameter interval [0, 1] and let o be a complex number.
If
[71(s) =70(s)] <l =0(s)] (0<s<1) (2.12)

then
Ind,, (@) = Ind,, (o).
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Proof. Condition (2.12) implies that o ¢ 7§ and o ¢ ~;. Hence one can define y(t) = (y1(t) — ) / (70(t) — ).
Since

J0 M Y —a— (71 —«a)
Yo — & Yo — &

we see v* € B(1,1), which implies that Ind, (0) = 0. The following relationship between the paths and their
derivatives can also be easily calculated.

71(8) =0(8)] <l =r0(s)] = = =[1-9l<1

S S ()
0 M —-—a Y —«

Integrating the above identity over [0, 1] and writing them in path integral forms will give the desired result:

1 1 1
/fdz:/ dz—/ dz
v % T v 2T &
——

Ind (0)=0 Ind,, (a) Ind, (o)

O

Theorem 2.3.6. If 'y and I'; are U-homotopic closed paths in an open connected set U, and if « ¢ U, then
Indr, (o) = Indr, (o)

Proof. By definition, there is a continuous H : I? — ) such that

H(s,0) =To(s), H(s,1)=Ty(s), H(0,t) = H(L1).

Since I? is compact, so is H (I?). Since o is not in the closed set H(I?), there exists ¢ > 0 such that
B(a,2e)NH(I?) = 2, i.e.,
lo — H(s,t)| > 2 V(s,t) € I (2.13)

Since H is continuous on compact set and is thus uniformly continuous, there is a positive integer n such
that:
|H(s,t) — H(s',t')|<e if |s—&|+[t—t]|<1/n. (2.14)

(Note that \/|s — &/|1/2 4+ [t — t/|1/2 < |s — &'| + |t — ']
Define polygonal closed paths 7y, . .., v, by

k=0,1,---,n: Vk.(s):H<i k) (1—(i—ns))+H(i;1,i> (i — ns) (2.15)

’
nn

if0<i—ns<1(ie,=t<s<<)andi=1,...,n. By (2.14) and (2.15), for k € [n],s € [0,1],

H(Z,k)—H(s,k>’+(i—ns) H(l_l,k)—H(s,k>’<5
n’'n n n 'n n

<e <e

fyk(s)—H<s7k)‘§(ns+1—i)

(%) :

n

(Note that (ns + 1 — i) + (¢ — ns) = 1 when using the triangle inequality)

In particular, taking £ = 0 and k = n,

|70(8) - FO(S)l <¢, |7n(5) - Fl(s)‘ <e.

By (%) and (2.13),
o —v(s)| >2e —e=¢ (ken];sel01]).
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On the other hand, (2.14) and (2.15) also imply that for k € [n]; s € [0, 1],

. 1 . 1 k—1 1
H(l7k )—H(l’k>‘+(i—ns)H(Z ,k )—H(l 7k>’<5.
n.on n'n n n n on

<e <e

[Ye-1(8) = & (8)] < (ns+1-1)

Now it follows from the last three inequalities, and n + 2 applications of Lemma 2.3.5 that « has the same
index with respect to each of the paths I'g, v, V1, - - -, Yn, I'1. This proves the theorem. O

Remark 2.3.7.

1. If T'y(s) = H(s,t) in the preceding proof, then each T'; is a closed curve, but not necessarily a path,
since H is not assumed to be differentiable. The paths 7, were introduced for this reason. Another
(and perhaps more satisfactory) way to circumvent this difficulty is to extend the definition of index to
closed curves.

2. As promised, this theorem of sufficiency of path deformation and global cauchy show that any integral
of analytic function along ~ in a simply-connected set U is zero. We shall see the converse is also true,
i.e., this property can be used as definition of simply-connectedness (of a set in complex plane).

Theorem 2.3.8. Let U C C be open and connected. Then the following are equivalent.

(a) U is homeomorphic to B(0,1) (i.e. there is a continuous bijection ¢ : U — B(0,1) s.t. ¢! is also
continuous).

(b) U is simply connected;
(@) fW f(z)dz=0 Vf e H(U) and every closed path v : [a,b] — U;
(d) Every f € H(U) has a primitive;

(e) If f,1/f € H(U) (i.e., f is analytic and non-vanishing), then f = e9 for some g € H(U) (“f has a
holomorphic logarithm g in U”);

(f) If f in a non-vanishing analytic function, then f = ¢? for some ¢ € H(U) (“f has a holomorphic square
root ¢ in U”).

Proof.

(a) = (b): that’s basically because B(0, 1) is simply-connected and homeomorphism preserves null-homotopy
(in fact the whole fundamental group). Let ¢ : U — B(0,1) be the homeomorphism. For the closed
curve v in U, the map H (s, t) = = 1((1—t)0+t(v(s))) = ¥~ (t1(v(s))) defines a homotopy between
constant map c,,-1(g) and curve (s).

(b) = (c): consequence of 2.3.6 and 2.3.2.

(¢) = (d): The proof resembles that for Cauchy’s theorem in a convex set ( [10] Theorem 6.10). Fixa € U
arbitrary, and set

9(z) = [ f(w)dw
2
where +, is any path (i.e., piecewise C'! curve) connecting a to z inside of U. Note: the fact that we can
always select a piecewise C'! curve is not guaranteed by the definition of connectness (which only gives
a continuous curve) - however, it is a well-known result from basic topology that in an open, connected
set we can always connect two points with a finite union of line segments (a polygonal path).
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(e)
(f)

Also note that g is well-defined: if 4, is some other path connecting a to z in U, then ~, — 4., is a closed
path in U and by the given assumption (c),

/72_% Jf(w)dw =0 = [{ f(w)dw = L F(w)dw

Choose now r > 0 such that B(z,r) C U. Consider h € C with |h| < r so that z + h € B(z,r). Let
1 = [z, 2+ h] be the line segment path connecting z to z + h inside of B(z,r) C U. Then v+ 7 is a path
connecting a to z + h, and due to invariance of path in the definition of g(z + k) as we just showed, we
have

gz +h) = / | Jwpdw = / f(w)dw + / f(w)duw

and so

g(z+h) — g(z) = / f(w)duw.

n

Since
1

frem= gy [ = s

and length(n) = |z + h — z| = |h|, we apply [10] Corollary 5.31 to see

S

9(z+h) —9(2)
etk

B ‘;Af(w) - f(z)d“" < f = fE Lo (zorn) <€

where the last inequality holds for sufficiently small || due to continuity of f. Thus,

g'(z) = lim 9(z+h) —g(2) hlz —9(2) = f(2)

h—0

= (e): The identity f = 9, if it were to hold for some g € H(U), implies f'(z) = ¢'(2)ed*) = ¢'(2) f(2)
so that ¢’'(z) = f'(2)/f(z). So we want a primitive of the analytic function f’/f (recall f has no zeros
in U by assumption). Let z; € U be a fixed point and ¢ is a complex number with e® = f (z;) (recall
e obtains all values except 0 and f(zo) # 0). Since f' € H(U) and 1/f € H(U), assumption (d) gives
a primitive g of f'/f. We can assume g (zo) = ¢y (otherwise take § = g + ¢y — g(20))-

We claim that g in turn satisfies f = e9. Motivated by the midterm Q2, we study G(z) := e9(*)/ f(z).
Now, ¢'(z) = f'(2)/ f(2) gives
G'(2) = ¢'(2)e?D [ f(2) = "D f(2) 2 f'(2) = /D f(2) 2 [ (2) = /D f(2) 2 f'(2) = 0.

This implies, as U is connected, that G(z) = e9(*)/ f(z) = C for some constant C, and so e9(*) = C'f(2)
in U. Now, as e9(*0) = ¢ = f (z,) we must have C' = 1, and so we are done.

= (f): Use (e) to write f = e9 with g € H(U). Define = ¢9/2. Then ? = ¢9 = f.

= (a): If U = C, the homeomorphism is just directly given (without using (f)) by z — f‘z‘ If
the open connected set U is not the whole C, there actually exists a holomorphic homeomorphism
U — B(0,1) (a conformal mapping). This is the Riemann Mapping Theorem. This implication is thus
proved as soon as we later prove Riemann mapping theorem (using only (f) and nothing else about
simply connected domains).

O
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2.4 Residue Theorem

Definition 2.4.1. A function f is said to be meromorphic in an open set U if there is a set A C U such that
(a) A has no limit point in U,
(b) fe HU - A),
(c) f has a pole at each point of A.

Note that the possibility A = & is not excluded. Thus every f € H(U) is meromorphic in U.

Note also that (a) implies that no compact subset of U contains infinitely many points of A4, and that A is
therefore at most countable.

If f and A are as above, if a € A, and if

Qz) = Z cr(z — a)flc

k=1
is the principal part of f at a, as defined in Theorem 2.2.5 (i.e., if f — @ has a removable singularity at a),

then the number ¢, is called the residue of f ata :

c1 = Res(f;a).

Theorem 2.4.2. [The Residue Theorem] Suppose f is a meromorphic function in U. Let A be the set of
points in U at which f has poles. If T" is a cycle in U — A such that

Indp(a) =0 forall a¢U

then
1

2mi

/Ff(z)dz = Z Res(f;a)Indr(a)

acA
Proof. We will argue the sum on the RHS, though formally infinite, is actually finite. Let
B:={a€ A:nr(a) #0}.

Let Q := C\I'*. Denote the components of Q2 by 7 = UV. Each V is connected. The components are disjoint.
Every connected set £ C (2 is containted in exactly one V' € F. Choose a disk D s.t. I'* € D (possible as I'*
is compact) and notice C\ D C €. So there exists a unique V, € Fs.t. C\ D C Vp (asC\ D C Qand C\ D
is connected). SoVV € F* = F — {V,}, we have V. C C\ V, C D. Notice that np(z) = 0in Vy as Vy C Q2
unbounded, connected. Thus, B C Jy, . V C D is bounded.

If | B| is not finite, we can choose a1, as, ... € B s.t, a; # a; (i # j). As B is compact, 3 subseq. a;, — a € B.
Now a € A% clearly, but also @ € U. Indeed, if a ¢ U then nr(a) = 0 bs assumption. But as nr is continuous
and Z-valued, this forces nr (a;, ) = 0 for k large, contradicting to a;; € B. So a € U N A%, contradicting to
our assumption that U N A% = . Thus |B] is finite and

Z Res(f;a)nr(a) = Z Res(f;a)nr(a) < oo

a€cA a€B

Write B = {a1,- - ,a,}. Let Q1,- - , Q, be the principal parts of f at ay,--- ,a,. Set

g:=1/f- Zsz
i=1
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Put Uy := U\(A\B). As A has no accumulation point in U, this means Vz € Uy, 3r s.t. B(z,r) € U contains
no other points of A than possibly z. Thus B(z,r) C Uy and Uy is open.

If z€ UyN A, then z € B ={ay,...,a,}, and g has a removable singularity at z. If z € Up\ A4, g is obvious
complex differentiable, so g € H (Uy). We apply the Global Cauchy to g € H(Uy):

/Fg(z) dz =0

as I' is a cycle in Uy with the property that
nr(z) =0 VzeC\Uj

Indeed, if z € C\ Uy, then either z € C\ U and nr(z) = 0 by the assumption of the theorem, or z € A\ B
where also nr(z) = 0 by the definition of B. Hence,

0= /Ff(z)dz - i/FQi(z)dz = /Ff(z)dz - iRes (f3a:) 2minr (a;)

yielding
27rz/f dz-ZRes fiai) nr (a;) ;Res f;a)nr(a)

as desired. O

We will use L’Hopital’s rule in the following example:

Proposition 2.4.3. [L’Hopital’s rule] Let U C C be open, let z € C, and let f,g : U — C be complex
differentiable at z, with ¢/(z) # 0. Assume moreover that f(z) = 0 = g(z). Then
/
100 _T)
weenfzy 9w) - g'(2)

Proof. By [10] Proposition 4.7, we may write

lim M: lim f(2) + (f'(2) +ep(w)) (w = 2)

wéu(?\)fz} g(w wgafz} g(z) + (g/(z) + €Q(w)) ('LU - Z)

9

where e;(w) — 0 and g,(w) — 0 as w — z. Moreover, recalling that f(z) = 0 = g(z), the above limit
simplifies to
_ 7(2)

im f(w) lim f'(z) +ep(w) _
weenizy 9W) R, 9'(2) +eg(w) Cg(2)’

as claimed. Notice that here diving with ¢’(z) makes sense as ¢’(z) # 0. Moreover, notice that by (b) this
implies that in a small neighborhood of z we have g(w) # g(z) = 0 for w # z, so also the expression
f(w)/g(w) above makes sense for w # z close to z. O

/°° dx
oo L+t

Solution. We want to have a path vz such that above equals to

Example 2.4.4. We calculate the integrals

lim f(z)dz

R—o0 YR
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where f(2) = 1/(1 + 2%). We let yg = [~ R, R] x og, or(t) = Re®, t € [0, 7). It works simply becasue of the
usual estimate

CR C R— o0
/f(z)dz‘ém:m;“
OR

Now 1 + z* = 0 has solutions e'™/4, ¢37/4 ¢i57/4 ¢i77/4 " 3]] with order 1. Only poles z; = ¢/ and

2y = €37/ are inside v5. By the residue theorem and formula 2.2.8,

inty, f(2) dz = 2mi(Res(f; z1) + Res(f; 22))

=2m<£g@—zﬂﬂ@+1mmz—@ﬁ@0

Z—rzo

Instead of writing 2% + 1 = (2 — 21) - - - (2 — 24), it is convenient to use L’Hépital’s rule instead:

) .. Z—Zz LUHopial . 1 1 1 _isn/a
Ao E) =t T = B e T g T2
Similarly,
. _ 1 —im/4
le}nzlz(z —29)f(2) = 1€ .
Thus,

[ & _W(emx4+em/4>_7ri<_1_z’+1_i>__m’2i_7r
oo L4t 4 2 V2 V2 V2 V2 2V2 V2

Example 2.4.5. Calculate the integral
00 1/3
= / SR—
o 1422

Solution. We need a keyhole contour line v, g := C}

2
R *OR*CL pxop

OR oy f\ C,{R OR starts

L/ %, or ends

AlY

We define a branch of argument Argz € (0,27) on C\ [0, c0) in the natural way; i.e., z/A\fgv(z) defined in [10]
Theorem 2.57 with v = 1 here. Then we define
g(z) _ ‘Z|1/36i/Ang/3

and define

fz) = “i 2 € C\[0,00), 2 # +i.
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we first calculate f7 f(2)dz using residues.

Clearly, g is analytic in a neighborhood (fattening) of the area enclosed by ., and n,, ,,(z) = 0 for all 2
outside of this fattening (as z will be in the unbounded component of C \ v ). Residue theorem gives

() dz = 2mi(Res(f;4) + Res(f; —i))

Ir,R

where it is easy to see by an argument of homotopy that n., (i) = n,, ,(—i) = 1. Now,

. . g(z) e’ 1 Z‘(E_E) e 's

es(fii) =lim =7 = o =5t 2
. . g(2) €' 1

R M = 1 = =

es(fi—i) = Jim T = 5 = 73

Then,
1 -
/ f(z)dz=2mi- - (e7'3 — 1)
Yr,R 2

(1 V3
:m<2—22—1)

(1 B
=mil3 g

= —mie’

s
3

Now, we relate this complex integral to the original real integral

/U R
/o_ ECC

/ f(z)dz—Tasr—0, R— o0
CrR

RY3R

TZCR72/34)0, R — o0

<C

<Cr—0, r—0

/ f(z)clz—>—ei2‘77(l7 r—0,R— o0
CiR

(Since Argz — 2 here, and we travel with opposite direction.)

Then
(1 - ei%’r) I= lim / f(2)dz = —mie's
r—0
R—oc0 ¥ TR
Thus,
I fm‘e‘ifr _ i 4
1—e€'s e's —e '3
_om ™ 1
~ 2isin%  2sin%
T2 o
2v3 V3

We conclude this chapter with Rouché’s theorem.
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Theorem 2.4.6. Suppose 7 is a closed path in an open connected set U, such that Ind(«) = 0 for every «
not in U. Suppose also that Ind,(a) =0 or 1 foreverya € U —~v*. Let U; = {z € C\7* : Ind,(a) =1} C U.
For any f € H(U) let N; be the number of zeros of f in U;, counted according to their multiplicities.

(@) If f € H(U) and f has no zeros on v* then

A / 7 1~ tdp(0) (2.16)
Y

2w

whereI' = fon.
(b) (Rouché’s theorem) If also g € H(U) and

F(z) = 9()| < If(z)] forall z€~* 2.17)
then N, = Ny.

Part (b) is usually called Rouché’s theorem. It says that two holomorphic functions have the same number of
zeros in U; if they are close together on the boundary of Uz, as specified by (2.17).

Proof. Put ¢ = f'/f. Due to Theorem 2.1.1, if « € U and f has a zero of order m = m(a) at a, then
f(2) = (2 — a)™h(z), where h and 1/h are holomorphic in some neighborhood V of a. In V — {a},

f'(z)  m(z—a)™h(z) + (z — a)™H (2) m W (z)
P =) G- () Tia ey
The first term - corresponds to the ¢c_; (z—a)~* term of ¢(2), and },"l,(z)) € H(V) corresponds to Y~ ¢, (z—
a)™ for the remaining terms of ¢(z). Thus ¢ is a meromorphic function in U (the set A in the definition of
meromorphic function is Z; which by Theorem 2.1.1 has not limit point in U and each a € A is a first order
pole of ). Besides,

Res(p;a) = m(a)

Let A= {aeU : f(a) =0} = Uy N Zy. Now apply Residue theorem to meromorphic function ¢ and ~, a
cycle in U \ Z; with n,(z) =0, Vz € C\ U. Then

S T W

a€Zy ac€UrNZy a€A

This proves one half of (2.16). The other half is a matter of direct computation: supposing ~ : [a,b] — C,
Lfde_ 1T
omi Jp 2 2mi J, T(s)
b s /
POOD gy~ L [ L0,

¥

Ind[‘( ) ds

:% . f(s) ! 2mi [, f(2)

2
Next, (2.17) gives |g(z)| > | f(2)|—|f(2)—g(z)| > 0, Vz € v*, so g has no zero on v*. Hence (2.16) holds with
g in place of f. Put I’y = go~y. In order to apply Lemma 2.3.5 to I'y and I'; = f o+ to get Indp, (0) = Indr, (0),
we need verify that

To(s) = Tu(s)l = lg(v(s)) = FOyI < [fOv(sDI =1 0 —Ta(s)]

« in the lemma

where the inequality is due to (2.17). Then it follows from (2.16) that
N(J = Indro (0) = IndFl (0) = Nf
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Remark 2.4.7. For a set of more complete results, see [2] p.123 Argument Principle

Example 2.4.8. How many roots does the polynomial z + z° 4 322 + 1 have in the annulus A = {1 < |z| <
2}?

Solution. The strategy is to let g be the original function g(z) = 2°+32%+1 and choose f to be the dominant
part on the circle |z| = 1.

Define f1(z) = 322. Then, on the circle |z| = 1, we have
1f1(2) = g(2)| = |2 +1] < |2 +1 =2 <3 =3]2]* = | f1(2)]
By Rouché’s theorem, we have
{a € B(0,1) : g(a) = 0} = {a € B(0,1) : fi(a) = 0} = 2

since z + 322 has a zero of order 2 at the origin.

Define fo(z) = 2°. For |z| = 2 we have
|f2(2) —g(2)| =32 + 1| <3-2° +1=13 < 32 =2° = |2|° = | fo(2)|
By Rouché’s theorem, we have
{a € B(0,2) : g(a) = 0} = [{a € B(0,2) : fa(a) = 0}[ =5

since z +— 25 has a zero of order 5 at the origin.
Therefore, there are 5 — 2 = 3 zeros in annulus A.

Example 2.4.9. Use Rouche’s theorem to prove that all the zeros of the polynomial
2V ep12" L g

lie in the open ball with center 0 and radius

\/1—1- len1?+ -+ |eol®.

Solution. Let
P(z):=2"4+ch12" 14+ 4 ¢

and

Ri= /14 a4+ + ool

If all of the coefficients ¢; are zero, then R = 1, and the result is trivial as the only zero of P(z) = 2"
isat z = 0 € B(0,1). So we may assume R > 1. We will apply Rouche, and the dominating term we
choose is f(z) := z™. In the notation of Rouche, let g(z) := P(z). For |z] = R by Cauchy-Schwarz (i.e.
lwy - we| < |wy| |wa|,wr,ws € RY, where w; - wy is the dot product in R? ) we have

1f(2) = g(2)| = |en—12""" 4+ -+ + o

n—1
< lex| RF
k=0
1 /2 5,4 1/2 1 1/2
< ( |Ck|2> (Z R2k> _ (RQ . 1)1/2 <Z R2k> )
k=0 k=0 k=0
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In the last identity we used the definition of R. By the formula for a geometric sum

n—1

1—¢n
th="" t+£1
> o L#L
k=0

we have (as R? > 1) that

nz_:lRQk_l_RQn_R%z_l
~ 1-R* R*-1°

Thus, we obtain
1£(2) — g(2)] < (R = 1)"? < B" = |(2)|"

on |z| = R. By Rouche f and g = P have the same number of zeros inside B(0, R), which is clearly n for
f(z) = 2™ (a zero of multiplicity n at = 0 ). But as P is a polynomial of order n, it has exactly n roots, and
so all of its roots are in B(0, R). We are done.

Example 2.4.10. We use Rouché’s theorem to prove the open mapping theorem:
Suppose f € H(U) is non-constant and U C C is open and connected. Then f is open, that is, it maps open
sets to open sets.

Proof. Let V. C U be open. Consider wy € fV, thatis, wy = f(2¢) for 2o € V. As f — wy is an analytic
function that is not identically zero (as f is non-constant) in the open, connected U, we know that its zero
set in U, that is, the set {z € U : f(z) = wo}, does not have accumulation points in U. Using this we choose
r > 0 so that B (2,r) C V and f(z) # wo for z € B (z0,7)\ {20}, in particular, if |z — 29| = r. As the
continuous function |f — wy| attains its minimum on the compact set |z — zo| = r we find ¢ > 0 so that
|f(2) — wo| > € for all z with |z — zo| = r.

Consider w with |w — wy| < e. We show that then w € fV, showing that fV is open as desired. We do this
by showing that f — w has a zero in B (zp,7) C V. Indeed, we have

£ (2) —w = (f(2) = wo)| = [w —wo| < e<|f(2) = wo

on the circle |z — z9| = r. By Rouche’s theorem f —w and f — wy have the same number of zeros in B (2, r
and we know that f —w has exactly one zero in that ball, namely zy. So, indeed, f —w has a zero in B (2¢,
and we are done. O

),
)
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Chapter 3

Analytic Functions

3.1 Riemann Sphere

Let the symbol oo be called the point at infinity and C := C U {oo} is called the extended complex plane and
is put with the topology of one-point compactification. We for r > 0 define

B'(co,r)={2€C:|z| > 1/r}

B(oo,r) = B'(00,r) U {oo}
The topology is then defined as this: we declare U C C to be open iff U is a union of some B(a,r) with
a € Cand r > 0 on C\ {oco}. This gives the usual topology on C. We will show that C is homeomorphic to
the unit sphere S?, so C is also called Riemann sphere. First, think of C as the embedded set {(z1,2,0) :
r1,20 € R} = {z € R® : 23 = 0} C R®. Let S be {x € R® : af + 23 + (23 — 1)> = 1} = 9B((0,0,1),1).
Then S? ~ C = C U {oo} where the homeomorphism is stereographic projection: in Cartesian coordinates
(z,y, z) on the sphere and (X,Y) on the plane, the projection and its inverse are given by the formulas

(X, ¥) = (1xz’1yz>

( ) 2X 2Y -1+ X?+4Y?

x zZ) =

i 1+ X24+Y2' 1+X24Y2 1+ X24Y2

The name “projection” comes from this: if one picks a point on the sphere and draw a line passing through

the point and the North pole, then the line will intersect with a point on the plane. When the point one picks
is the North pole then the line intersects with the extended plane C at the infinity point co.

Behavior of functions at co: if f is holomorphic in B’(co, ), we say f has an isolated singularity at co. The
type of this singularity (removable/pole/essential) is by definition the same as that of

z— f(1/z) z€ B'(0,1/r)

at z = 0. In particular, if f is bounded in B’(co, ), then 3lim,_, » f(z) € C and setting f(co0) = lim,_, o f(2)
gives a function defined on B(co,r), which we call holomorphic (apply known result to z — f(1/2)).
Similarly for poles and essential singularities: f has a pole of order m at co if z — f(1/z) has a pole of
order m at 0.

3.2 Conformal Mappings

Stated loosely, a function is conformal at a point P € C if the function ”preserves angles” at p and ”stretches
equally in all directions” at p. Both of these statements must be interpreted infinitesimally; we shall learn
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to do so in the discussion below. Holomorphic functions enjoy both properties: Let f be holomorphic in a
neighborhood of p € C. Let wy, wy be complex numbers of unit modulus. Consider the directional derivatives

f(P+twy) — f(P)

D, f(p) = lim

t—0 t
and £ (p+ tws) — £(p)
. p+twz) — f(p
D, f(p) = lim ; .
Then

@ = [Duw, f(P)| = [Duw, f(p)]-

(I : If |f'(p)| # 0O, then the directed angle from w; to wo equals the directed angle from D,,, f(p) to
Dy, f(p)-

Statement (I) is the analytical formulation of ”stretching equally in all directions.” Statement (II) is the
analytical formulation of "preserves angles.”

In fact let us now give a discursive description of why conformality works. Either of these two properties
actually characterizes holomorphic functions.

It is worthwhile to picture the matter in the following manner: Let f be holomorphic on the open set U C C.
Fix a point p € U. Write f = u + 4v as usual. Thus we may write the mapping f as (z,y) — (u,v). Then the
(real) Jacobian matrix of the mapping is

ﬂmz(%@ %@>,

vz (p)  vy(p)

where subscripts denote derivatives. We may use the Cauchy-Riemann equations to rewrite this matrix as

ﬂ@=<%@ %@>

—uy(p)  ua(p)

Factoring out a numerical coefficient, we finally write this two-dimensional derivative as

ug (p) uy(p)
Uy 2+uy 2 Uy 2+uy 2
J(P) = \/U‘T/(P)2 + uy(p)? v (_piy(p) " v (Z)z(p) v

Vuz(P)24uy (p)2 /s (p)2+uy (p)?
= h(P) - J(p).

The matrix J(p) is of course a special orthogonal matrix (that is, its rows form an orthonormal basis of
R?, and it is oriented positively-so it has determinant 1). Of course a special orthogonal matrix represents
a rotation. Thus we see that the derivative of our mapping is a rotation J(p) (which preserves angles)
followed by a positive "stretching factor” h(p) (which also preserves angles). Of course a rotation stretches
equally in all directions (in fact it does not stretch at all); and our stretching factor, or dilation, stretches
equally in all directions (it simply multiplies by a positive factor). So we have established (I) and (II).

In fact the second characterization of conformality (in terms of preservation of directed angles) has an
important converse: If (II) holds at points near p, then f has a complex derivative at p. If (I) holds at points
near p, then either f or f has a complex derivative at p. Thus a function that is conformal (in either sense)
at all points of an open set U must possess the complex derivative at each point of U.

Due to (II), we see a holomorphic function with nonzero derivative is conformal in the angle-preserving and
stretching sense, and we will stick to holomorphicity plus nonzero derivative as the definition of conformality
(as a stronger version than previous sense) from now on.
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Definition 3.2.1. Let f : U — C with U C C open be a holomorphic function. We say f is conformal at
z e Uif f'(z) = 0, we say f is conformal in U if f'(2) =0Vz € U.

We have discussed analytic formulation of angle-preservation and now look for a geometric interpretation
(in fact, directional derivative is just the velocity of a curve in differential-geometric sense).

Let w = f(z) be analytic in a region U, zg € U, and f'(z9) # 0, i.e., f is conformal at point zy. Let v(t),
t € [to,t1], be a smooth curve passing through z; with v(¢g) = zo. Then +/(¢9) # 0 (why?). v has tangent
line at zy and +/(zp) is the tangent vector with angle ) = Arg(+/(¢9)). The image curve under w = f(z) is
A(t) = f(~(¢)), t € [to,t1]- Since ' (to) = f'(20)7 (to) # 0, 7 has tangent line at f(zo) as well, with tangent
vector 7' (to). Its angle is

¢ = Arg(7'(to)) = Arg(f'(20)) + Arg(7/(to)) = ¥ + Arg(f'(20))-

Suppose f'(z) = re®, then |f'(z0)| = r, Arg(f'(20)) = 6. Then
0=¢—1, r=I[f(20)l

We continue our discussion of geometric interpretation of conformality. Let +, and v; be two paths that go
through zZ0 = ’yo(to) =M (tl) with ’}/6(t0) 75 0 and ’yi (tl) 7’5 0.

Suppose
Y (to) = ro€'?0v (to) = r1€'?*
s
W -axis /'\/~——>—f X -as<is

Figure 3.1: Conformal mapping preserves the angle.

Let f be conformal, then by [10] Lemma 5.44 we see
070) (to) = f'(z0)V,(to) = pe'roe’?® = proe! @) = proeito
(f270) 0 P p p
o) (t1) = f'(20)7, (t1) = perie™t = prie'@ter) = pp it
(fom) " P p p
Then we observe that multiplication by f’(z9) = pe’” stretches and rotates but preserves the original angle

between v((ty) and ~; (1), that is ¢1 — @9 = 11 — 1o. In particular, for any rays L', L” starting at zg, the
angle between the images fL’, fL"” at f(zq) is the same as that made by " and L".

The conformal mapping problem between two regions U, V' C C is the problem on the existence and explicit
construction of a conformal bijection f : U — V. Riemann Mapping Theorem will tell us about the existence
and will be proved soon. First, however, we look at the relationship between f’ # 0 and injectivity and
then at the explicit constructions of cnformal bijections between geometrically simple regions (balls, sectors,
half-planes, - - -).
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3.2.1 Relationship between nonzero derivative and injectivity

We will first show that an analytic injection automatically has nonzero derivative. Thus, looking for a
conformal bijection f : U — V between regions U and V is the same as finding an analytic bijection
f:U — V. We also see that f~! : V — U is automatically analytic too (but the converse of “nonzero
derivative — injectivity” is not true: f(z) = e* satisfies f’'(z) = e* # 0 for any z € C, but f is not injective
in the whole C). Nonetheless, f/(z) # 0 implies local injectivity.

Theorem 3.2.2. Suppose U C C is open. zp € U, and f € H(U), f'(z0) # 0. Then there is a neighborhood
V C U of z such that

(a) f isinjective in V. (local injectivity)
(b) W = f(V) is open. (Open Mapping Theorem (as a consequence))

(¢) f~':W — V is analytic. (holomorphic inverse)

Proof. Recall from the Lemma 2.3.1 where we built a function g continuous on U x U,

fE=IW)  fa, £z,
90 =1 p) if w = 2,

So there is a neighborhood V' of 2 such that for z1, 2, € V,

a1, 22) — glao, 70) < 51" (2o)
——

f'(zo0)
Thus, for 21,2, € V,
- - 1
‘f(zl) f(ZQ) Z |f/(z )| f(zl) f(ZQ) f/(ZO) Z *|f/(2’0)|
21 — 22 Z1 — 29 N—— 2
S or2) 9(20,20)

SO
() U1 = f) 2 51 Golllor =2 Vor €V

In particular, z; # 20 = f(z1) # f(22), so (a) holds. We prove (b) in a manner similar to Example 2.4.10.
We note that (x) implies f’(z) # 0 for any z € V. Pick an arbitrary wy = f(z) € fV, a € V. Then pick v > 0
such that B(a,2r) C V (V open). Then () gives that

1
f(z) = wo | = 51 f"(z0)lr =2 # 0 Vz € 0B(a,r)
f(a)
We claim that B(wq,e) C fV = fV is open. Indeed, for any w € B(wy, ¢), we have
|(f(2) =w) = (f(2) —wo)| = [w —wo| <& <[f(2) —wo| VzedB(a,r)
Then Rouché’s theorem shows that f —w and f —wg have the same number of zeros inside B(a, ). As f —wy
has one, there is some b € B(a,r) such that w = f(b) € f(B(a,r)) C fV. So fV is open. (b) is proved.
cv
For (c), we consider f=' : W — V where W := fV. Let w; € W where w; = f(z1), z1 € V. For
w = f(z) € w we notice that

FHw) — f~Hwy) z— 2 1

w —w T fz) = flz)  IEIGD

zZ—2z21

Here,
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e (x)=|z—2| < mﬁ(z) — f(z1)] = %W — wq| = w — w implies z — 2.
* f'(z1)#0asz €V. So

R ()l MV S 1
w—w1 w — W f/(zl) f/(f_l(wl))

O

After showing the following shaper form of Open Mapping Theorem, we will prove the converse that injec-
tivity implies f” = 0.
Theorem 3.2.3. Suppose U is a region, f € H(U), f is not constant, zy € U, and wg = f (2¢). Let m be the

order of the zero which the function f — wy has at zg. Then there exists a neighborhood V of 2y, V C U,
and there exists ¢ € H(V), such that

@ f(z) =wo+[p(z))™ forall z eV,

(b) ¢’ has no zero in V and ¢ is an invertible mapping of V" onto a disc B(0, r).

Proof. Let Vi = B(zo,7m9) C U such that f(z) # wy for any z € Vj \ {20} (we can do this because zeros of
f — wq are isolated). We write

f(z) —wo = (2 — 20)"9(2)
for g € H(V;), g non-vanishing. Since Vy = B(z, ) is obviously homeomorphic to B(0, 1), we by Theorem
2.3.8 see that g has a holomorphic lagarithm h in V;, that is, we can write g = ¢” for some h € H(V;). We
define p(z) = (2 — 29)e™*)/™ 2 € V;,. Then

z€Vo: wo+[p(2)]" =wo+ (2 — zo)meh(z)

=wo + (2 — 20)"g(2)

= f(2)
Thus, (a) holds.
Now ¢(20) = 0, ¢'(2) = "B/™ 4 (2 — 20)eH/™ . B/ (2) /m, s0 ' (2) = eMZ0)/™ £ 0. By Theorem 3.2.2,
 is injective on some neighborhood V; of z; contained in V;, ¢’ # 0 on Vi, and 0 = ¢(z) € ¢(V1), where

©(V1) is open. Thus, we choose r > 0 such that B(0,r) C ¢(V1). Define V = »=1(B(0,r)) C V4 C V. Then
¢ :V — B(0,r) in invertible. O

Corollary 3.2.4. Suppose U is a region, f € H(U), and f is injective on U. Then f’(z) # 0 for every z € U,
and the inverse f~! is holomorphic.

Proof. If f'(z9) # 0 for some 2y € U, write f(z) = f(z0) + [¢(2)]™ for z € V, where m, ¢,V are the same
as in previous theorem. If m = 1, we would get f'(z9) = ¢'(z) and thus 0 = f’(z9) = ¢'(z0) (contradiction
since ¢’(zp) # 0 as a result of previous theorem). So m > 1, but then f is not injective (since each w # 0
equals 2™ for precisely m distinct z). Therefore, f’ # 0. Analyticity of f~! follows Theorem 3.2.2. O

3.2.2 Mobius Mappings

Definition 3.2.5. Rational functions of the form

az+b
cz+d’

f(z) =

where a, b, ¢, d are complex numbers satisfying ad—bc # 0, are called Mobius mappings, or linear fractional
transformations.
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It is convenient to regard f as a mapping from C to C with

(2)-~

(notice that ad — be # 0 guarantees that z — az + b does not vanish at z = —%) and

F(o0) = { ife£0

oo, ife=0
Thus, f is meromorphic in C with a pole at z = —%. Notice that f is analytic at oo if ¢ # 0.

Lemma 3.2.6. A Mobius mapping is a bijection C — C whose inverse is a Mobius mapping.

Proof. One can directly verify that the inverse is given by the following Mobius mapping:

dz—b
—cz +a

9(z) =
O

Lemma 3.2.7. The composition of Mébius mappings is Mobius. Mébius mappings are conformal in C. Here,

(1) When f(o0) € C (i.e., f(oc0) # o0), we say f is conformal at oo if z — f(1/z) (with 0 — f(c0)) is
conformal at 0.

(2) When f(c0) = 0o, we say f is conformal at oo if z — ﬁ (with 0 — 0) is conformal at 0.

(3) When f(z9) = oo, we say f is conformal at z if z — ﬁ (with zg — 0) is conformal at zg.

Proof. See Math 5022 Homework 1. O

Our first explicit construction problem is to find a Mébius mapping that maps given three points as we want.

There is a particular invariance that all Mobius mappings have (they preserve the so-called cross ratio). Let

az+b
cz+d

f(z) =

We choose first zo € C. Now,

az+b az+b  (ad—bc)(z — 2)
cz+d czot+d  (cz+d)(cz+d)

f(2) = fz2) =

Let then z3 € C\{22}. Similarly,
(ad — be)(z — z3)

f(z) = f(z) = (cz+d)(cz3 +d)
So,
o, [ =1 i-a
() : f(z)*f(ZS)_)\Ziz3
with d
cz3 +
A= A(22,23) = sz+d
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Notic that A is independent of z. Apply (x) twith z = z4 to get

flza) = flz2) _ \za—2

f(24) = f(23) z4— 23

Therefore,
(f(2) = f(22)) (f (23) — f (24)) _ (= —20) (23 — 24)
(f(2) = f(23)) (f (22) = f(z1)) (2 —23)(22 — 2a)

This gives an invariance (preservation of cross ratio, defined below) for all M6bius mappings.

Definition 3.2.8. For complex numbers a1, -- -, as, where a, # a; if ¢ # j, their cross ratio is

(a1 — az)(az — as)
(a1 — asz)(az — aq)

(al,azaa:s,(m) =
(To help memorize: numerator have indices in order and in denominator the leftmost and rightmost indices
are the same as those of the numerator).
We thus have proved that
Lemma 3.2.9. f Mobius, then (f(z), f(22), f(23), f(z4)) = (2, 22, 23, 24)-

Remark 3.2.10. If a; = oo is in the cross ratio, we interpret it as a limit a; — oo. For example,

1 _ _
(00, a9, a3,a4) := lim (1 — az/a1)(as — aa) _ 33”4
ai—oo (1 —ag/ar)(as —aq) as —ay

The cross ratio is a practical tool to find a Mobius mapping that maps distinct points zo, 23, 24 to given
Wz, W3, W4.

Example 3.2.11. Find the Mobius map that satisfies f(0) = 1, f(1) = 2, f(2) = 3. The answer is obvious,
f(z) = z+ 1, but let’s still see how to obtain it via the cross ratio. We want to find f such that

(2,0,1,2) = (f(2),1,2,3)
This is the same as
)(=1) z f(2)

—: UG- — _

1 ~1
(z-1D(=2)  (f(2) =2)(-2) 2(z—1)  2(f(2) -2

—= f(z)=2z+1

Our next explicit construction problem concerns finding the Mobius mapping that converts circles and lines.

Lemma 3.2.12. Let ¢ > 0 and w; € C\{0}, and define
F = {wG(C:le a}.

|w—wy|

Then F is a line if a = 1, and is a circle otherwise. Conversely, every circle not centered at 0 and not going
through 0, or any line not going through 0, can be written in above form.

Proof. Exercise. O

Corollary 3.2.13. Let wy,ws € C, wy # ws, and a > 0. Let

F::{we(C:hU_wl—a}.

[w —wa|

Then F is a circle if ¢ # 1, and a line if a = 1. Conversely, every line and every circle is of this form.
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Remark 3.2.14. In our language, lines L contain oo.

Corollary 3.2.15. Every Mobius mapping f maps a circle to a circle or a line. The same holds for lines, i.e.,
Mobius mapping f maps a line to a line or a circle.

Proof. All circles and lines are of the form

F .= {zE(C: |z — 21 :a}
|z — 29|

for some z; # 29, a > 0. Recall that

for a constant A depending on z1, z5. Thus,

is a line or a circle. O

Remark 3.2.16. Note that a line in C can be seen as a circle since the “ends” of the line meet at infinity on
the ball from which the plane is stereographically projected.

Now, every line L can be mapped with a Mo6bius mapping into a given circle S. Simply choose z1, 22,23 € L
(one can be co) and map them to some wy,wy,ws € S. Then f~! maps S to L, where f~! is still Mobius.
One finds f with the cross ratio.

Recall the following topological fact:

Lemma 3.2.17. Let E be connected in a topological space X and let A C X. If £ meets A and X\ A4, then
it must meet 0 A.

We ask how Mobius mapping f maps balls and planes. For instance, suppose it maps |z| = 1 to the real
axis. Then f(B(0,1)) is connected, and by above topological fact lies completely in H; = {Im(z) > 0} or
Hy = {Im(z) < 0}. Same is true for f(C\B(0,1)). Thus, as f is bijective, f(B(0,1)) is either H; or H; (to
figure out which of them, just check where f(0) is mapped to). If one gets an f that maps to H, and wants
to get H; instead then just apply a rotation (multiplicaiton with —1).

If we are asked to find a map from half-plane to ball, we can do the inverse problem and then find inverse
of mobius mapping. Note that applying inversion (composition with 1/z) can map outside of the circle to its
inside and vice versa.

1/n

To solve more complicated problems, combine with e*, log z, 2™, z*/™, - - - For instance, e* maps horizontal

strips to sectors or half planes (see [10]). z“ maps sectors to sectors.
Example 3.2.18. Find a conformal bijection C\(—o0,0] — B(0,1).

Solution. First use z = re' s 21/2 = 11/2¢i9/2 to map C\(—o0,0] to H = {Re(z) > 0}. Then find Mobius
mapping g for H — B(0,1).

Choose for example 7,0, —i from {z = 0} and map them to 1,7, —1. We compute the cross ratio
(Q(Z), 1ai _1) = (Za iv Oa _i)

(9(z) =DGE+1) _ (z=9)(0+1)

(9(z) =) (A +1) (2 =0)(i+4)
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11—z
7
142

= g(2) =

As g(1) = 0, it turns out that we are lucky and g works (it maps to the inside of the circle; if that’s not the
case, we need to rotate {Re(z) > 0} to {Re(z) < 0}).
Therefore, the composition is the desired conformal mapping
1—
+

N

f(z)=g(e?) =i

N

Example 3.2.19. Let
U :=B(0,1)Nn{Rez > 0}.

Find a conformal bijection from U to to B(0, 1).

Solution. Consider the points +i that are at the intersection of the arc and the line that form dU. Using
a Mobius mapping we want to map both the line part and the arc part to rays that go from 0 to oo (and
these image lines must be perpendicular by conformality as the arc and the line are) so that hopefully U gets
mapped to a quadrant. It should be easy from there.

So lets map ¢ — 0 and —i — oo, say. We also choose to map 1 — 4 (so that the arc part will go the positive
imaginary axis). We find the Mobius mapping f with the cross ratio

(f(2),0,00,1) = (2,4, —1,1).
~~

This says '
(w=0)(1-2%) w (z2—d)(~i—-1) .z—i

DR EoN0-0) i G- e

from which we solve
Z—1

T

f(2) =w=

So from the theory we know that the unit circle |z| = 1 gets mapped to either a circle or a line, and that
it must get mapped to a line as the image contains co. And this line must go through 0 and ¢ so it is the
imaginary axis. Thus, the arc part of U gets mapped to the positive imaginary axis (as 1 + ¢ ). Similarly,
as f(0) = 1 we argue that the line part of U maps to the positive real axis. Notice that f(1/2) = 2 + 3i
belongs to the upper right quadrant and, thus, f(U) is the upper right quadrant. We use z ~ 22 to map this
to the upper half-space. So
-\ 2
P k)
(z+1)?
maps U to the upper half-space H := {Im z > 0}. We can then use the inverse of the mapping from Q2 to
map H to B(0, 1). The inverse of the said mapping, namely z — =2 is

z—1

—iz—1 z+1
Z = - = -
—Z =1 z+1

Thus, our final mapping is

(z—i)?
ZEZ_H)z +1 B 22422—1
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3.3 Schwarz Lemma and Automorphisms on Unit Disk

We do a review of Maximum modulus principle first.

Let Q be any subset of C and suppose « is in the interior of 2. We can, therefore, choose a positive number
p such that B(a;p) C §; it readily follows that there is a point £ in Q with |¢| > |a|. To state this another
way, if o is a point in Q with || > || for each ¢ in the set © (=(3€ € Q) such that |£| > |a]), then « is not an
iterior point and belongs to 9f2.

Theorem 3.3.1 (Maximum Modulus Theorem-First Version). If f is analytic in a region G and « is a point
in G with |f(a)] > |f(z)] for all z in G then f must be a constant function.

Proof. Let Q = f(G) and put o = f(a). From the hypothesis we have that |a| > |¢| for each £ in §2; as in
the discussion preceding the theorem « is in 902 N Q. In particular, the set Q2 cannot be open (because then
QN o = & ). Hence the Open Mapping Theorem says that f must be constant. O

Theorem 3.3.2 (Maximum Modulus Theorem-Second Version). Let G be a bounded open set in C and
suppose f is a continuous function on G~ which is analytic in G. Then

max {|f(2)| : 2 € G~} = max{|f(2)| : z € OG}.

Proof. Since G is bounded there is a point a € G~ such that |f(a)| > |f(z)| for all z in G~. If f is a constant
function the conclusion is trivial; if f is not constant then the result follows from first version. O

Note that in the second version we did not assume that G is connected as in the first version. Do you
understand how first version puts the finishing touches on the proof of the second? Or, could the assumption
of connectedness in first version be dropped?

Let G = {z=w+iy: —3m <y < 3n} and put f(z) = explexp z]. Then f is continuous on G~and analytic
on G. If z € OG then z = z+ i so | f(z)| = |exp (+ie”)| = 1. However, as z goes to infinity through the real
numbers, f(x) — oco. This does not contradict the Maximum Modulus Theorem because G is not bounded.

In light of the above example it is impossible to drop the assumption of the boundedness of G in the second
version.

The following theorem is stated without full proof in [10]. We complete it now.

Theorem 3.3.3 (Schwarz Lemma). Let D = {z | |2| < 1} be the unit disk and let f : D — D be an analytic
function on it, i.e., Vz € D, |f(z)| < 1. Also suppose f(0) = 0. Then

@ Vz eD, [f(2)] < |z
(i) If |f(20)| = |20| for some zy # 0 then f is a rotation, i.e., f(z) = €*z for some 6 € R.

(iii) |f’(0)| < 1, and if the equality holds, then f is a rotation, i.e., f(z) = ¢z for some 6 € R.

Proof. Let

_ 1@ =40
o= {f'<o>, 2=0,

Notice that this is analytic in D, since

=0
~ =

f(z) — £(0)
z—0

O .
lim = =g = f0)

so z = 0 must be a removable singularity of @ and assigning the value f’(0) at z = 0 makes @ analytic.
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Now if r < 1 we have for |z| = r that

l9(2)| = <

Applying the maximum modulus principle to g € H(B(0,7)), where B(0,r) is open, connected and bounded,
we get

S|

max Z)| = max |g(z)| <
s [g(2)] = max|g(2)| <

Letting r — 1 gives |g(z)| < 1 and so Vz € D, |f(2)| < |z|. If we have equality for same 0 # zy € D, then g
attains its maximum in the interior of D. Maximum modulus principle implies that g is constant, so f(z) = cz
for some constant c. Since |zo| = |f(20)| = |c||z0| we see |c| = 1 = ¢ = €. (i) and (ii) are then proved.

Finally, if | f'(0)| = 1 this means |¢g(0)| = 1 so again g reaches its maximum at the interior point 0 € D, and is
so a constant. This proves (iii). O
A conformal bijection U — U is called an automorphism of U.

What is in Aut(DD) - the automorphism group of D? Obviously z ~ z and all rotations z ~ e*’z. But recall
also Q4 of 5021/HW1 that for a € C, |a| < 1, the mapping

o —z
Z =

1—az
maps ID to . It is clearly Mobius, so we can write its inverse
z—« a—z

Z = = = —
az—1 1—az

so it is its own inverse. Also, from formula of derivative in Q1 of 5022/HW1, one can easily check that

/ _ |O“2 -1 2
(1%) (0) - (*(5&2 + 1)2 (0) - | | 1
/ |04|2 -1 _ 2 -1

These mappings ¥, (2) = 1~z thus satisfy
* Y, € Aut(D),
* Yala) =0,9a(0) = a,
* Yo' =a.
© (¥a)'(0) = la* = 1, (¥a)'(a) = (laf* = 1)~
What’s also interesting is that rotations of these Mobius mappings exhaust all of D:

Theorem 3.3.4. If f € Aut(DD), then f(z) = 1), (2) for € R, a € D.

Proof. Ala € D s.t. f(a) = 0 as f € Aut(D). Define g := f o, € Aut(D). Then g(0) = f(a) = 0 and
Schwarz lemma gives |g(2)| < |z| V2 € D, Also g=! = ¢ 1 o f= € Aut(D) satisfies g=1(0) = 0 so again
l97*(2)| < |z| ¥z € D. Thus
|2l =197 (9(2))] < lg(2)] < |z]
which implies that |g(z)| = |z| V2 € D. Schwarz lemma = g(z) = €*’z. Then
F(2) =9 (31 (2) = 9 (Ya(2)) = €”al2)
O
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Corollary 3.3.5. If f € Aut(D) with f(0) = 0, then f is a rotation.
Proof. f(z) = €4, (2) and 0 = £(0) = ea = a =0, so f(2) = ey (z) = —e2. O

Remark 3.3.6. Notice that if you want f € Aut(ID) with f(a) = 3 for given «, 8 € D, just set f = g 0 g,

Using this one can calculate
Aut(H') = {az+b’ d—bc= 1}

for Ht = {z € C | Re(z) > 0} by using a conformal mapping f : H — D. See other references for more
details.

3.4 Space of Continuous and Analytic Functions

This section belongs to classical results in a real analysis course. We proceed by [2].

If G is an open set in C and (Q,d) is a complete metric space then designate by €(G,(?) the set of all
continuous functions from G to ().

The set (G, ) is never empty since it always contains the constant functions. However, it is possible that
% (G, Q) contains only the constant functions. For example, suppose that G is connected and Q = N = {1,
2,...}. If fisin €(G, ) then f(G) must be connected in €2 and, hence, must reduce to a point. However,
our principal concern will be when ( is either C or C.

To put a metric on % (G, ?) we must first prove a fact about open subsets of C.

Proposition 3.4.1. If G is open in C then there is a sequence {K,} of compact subsets of G such that
G =U,2, K,. Moreover, the sets K,, can be chosen to satisfy the following conditions:

(@) K, Cint K,41;
(b) K C G and K compact implies K C K, for some n;
(c) Every component of C — K,, contains a component of C — G.

If G = )72, K, where each K, is compact and K,, C int K,,,1, define

pu(f,9) = sup{d(f(z),9(z)) : 2 € Kn}
for all functions f and ¢ in € (G, 2). Also define

00 n n f, ) .
=3 (3) Enity 1

since t(1 +¢)~' < 1 for all t > 0, the series above is dominated by 3" (1)" and must converge. It will be
shown that p is a metric for € (G, 2). To do this the following lemma, whose proof is left as an exercise, is
needed.

n=1

Lemma 3.4.2. If (S, d) is a metric space then

d(s,t)

wlsit) = 17 d’(s7t)

is also a metric on S. A set is open in (.5, d) iff it is open in (S, u); a sequence is a Cauchy sequence in (5, d)
iff it is a Cauchy sequence in (S, u1).

Proposition 3.4.3. (¢(G, ), p) is a metric space.
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Proof. Tt is clear that p(f,g) = p(g, f). Also, since each p,, satisfies the triangle inequality, the preceding
lemma can be used to show that p satisfies the triangle inequality. Finally, the fact that G = |J,-, K,, gives
that f = g whenever p(f,g9) =0 O

The next lemma concerns subsets of € (G,?) x (G, ) and is very useful because it gives insight into the
behavior of the metric p. Those who know the appropriate definitions will recognize that this lemma says
that two uniformities are equivalent.

Lemma 3.4.4. Let the metric p be defined as eq. (3.1). If € > 0 is given then there is a § > 0 and a compact
set K C G such that for f and ¢ in €(G, ),

sup{d(f(2),9(z)) : 2 € K} <6 = p(f,9) <e.
Conversely, if 6 > 0 and a compact set K are given, there is an ¢ > 0 such that for f and ¢ in € (G, ),

o(f,g9) <e=sup{d(f(z),9(z)): z € K} <.

Proposition 3.4.5.
(@) Aset O C (¢(G,Q),p) is open iff for each f in O there is a compact set K and ad > 0 such that

0 >{g:d(f(2),9(2)) <6,z € K}

(b) A sequence {f,} in (¥(G, ), p) converges to f iff { f,,} converges to f uniformly on all compact subsets
of G.

Henceforward, whenever we consider (G, 2) as a metric space it will be assumed that the metric p is given
by formula (3.1) for some sequence { K, } of compact sets such that K,, C int K,,;; and G = | J;—; K,,. Actu-
ally, the requirement that K,, C int K,,,; can be dropped and the above results will remain valid. However,
to show this requires some extra effort (e.g., the Baire Category Theorem) which, though interesting, would
be a detour.

Nothing done so far has used the assumption that 2 is complete. However, if 2 is not complete then € (G, Q)
is not complete. In fact, if {w, } is a non-convergent Cauchy sequence in  and f,,(z) = w, for all z in G,
then {f,} is a non-convergent Cauchy sequence in % (G, 2). However, we are assuming that (2 is complete
and this gives the following.

Proposition 3.4.6. ¥ (G, ?) is a complete metric space.

Definition 3.4.7. Aset  C % (G, ) is normal if each sequence in % has a subsequence which converges
to a function f in (G, Q).

This of course looks like the definition of sequentially compact subsets, but the limit of the subsequence is
not required to be in the set .#. The next proof is left to the reader.

Proposition 3.4.8. Aset.# C ¢(G, ) is normal iff its closure is compact.

Proposition 3.4.9. A set # C €(G,?) is normal iff for every compact set K C G and § > 0 there are
functions f1, ..., f, in .% such that for f in .% there is at least one k,1 < k < n, with

sup{d (f(2), fx(2)) : z € K} < 0.

This section concludes by presenting the Arzela-Ascoli Theorem. Although its proof is not overly complicated
it is a deep result which has proved extremely useful in many areas of analysis. Before stating the theorem
a few results of a more general nature are needed.
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oo

Let (X,,d,) be a metric space for each n > 1 and let X = [[°°, X,, be their cartesian product. That is,
X ={¢={zn}: 2, € X, foreach n > 1}. For ¢ = {x,} and » = {y,,} in X define

- 1\" dy, (xnayn)
A =S (L) Gnlnyn)
€m =2, (2) L+ dy (20, 4n)
Proposition 3.4.10. ([],°, X,,,d), where d is defined above, is a metric space. If &¥ = {z£}™ isin

X =122, X, then ¢* — ¢ = {x,} iff 2% — =, for each n. Also, if each (X,,,d,) is compact then X is
compact.

The following definition plays a central role in the Arzela-Ascoli Theorem.

Definition 3.4.11. A set % C %(G, () is equicontinuous at a point z, in G iff for every ¢ > 0 there is a
d > 0 such that for |z — 2| < 0,

d(f(2), f (20)) <e

for every f in #..% is equicontinuous over a set E C G if for every ¢ > 0 there is a 6 > 0 such that for 2
and 2/ in F and |z — 2/| < 6,

d(f(2),f () <e
for all f in .Z.

Notice that if .% consists of a single function f then the statement that .% is equicontinuous at z is only the
statement that f is continuous at zy,. The important thing about equicontinuity is that the same § will work
for all the functions in .%. Also, for # = {f} to be equicontinuous over E is to require that f is uniformly
continuous on E. For a larger family .# to be equicontinuous there must be uniform uniform continuity.

Because of this analogy with continuity and uniform continuity the following proposition should not come
as a surprise.

Proposition 3.4.12. Suppose # C €(G, ) is equicontinuous at each point of G; then .# is equicontinuous
over each compact subset of G.

Proof. Let K C G be compact and fix ¢ > 0. Then for each w in K there is a §,, > 0 such that

4(f '), f(w) < 3¢
for all f in .# whenever |w — w'| < §,,. Now {B (w;d,,) : w € K} forms an open cover of K; by Lebesgue’s
Covering Lemma there is a § > 0 such that for each z in K, B(z; ) is contained in one of the sets of this cover.
Soif z and 2’ are in K and |z — 2’| < d there is a w in K with 2’ € B(z;0) C B (w;dy). Thatis, |z — w| <
and |2’ — w| < &,,. This gives d(f(z), f(w)) < e and d (f ('), f(w)) < 3&; sothatd (f(z), f (z/)) <eand .F
is equicontinuous over K. O

Theorem 3.4.13 (Arzela-Ascoli Theorem). A set .# C %(G,?) is normal iff the following two conditions
are satisfied:

(a) for each zin G,{f(z) : f € Z} has compact closure in {2;

(b) .7 is equicontinuous at each point of G.
Proof. First assume that .% is normal. Notice that for each 2 in G the map of €(G,Q) — Q defined by

f — f(z) is continuous; since .# ~is compact its image is compact in and (a) follows. To show (b) fix a
point zp in G and let € > 0. If R > 0 is chosen so that K = B (z9; R) C G then K is compact and Proposition

3.4.9 implies there are functions f1,..., f, in .% such that for each f in .% there is at least one f} with
€
(%) : sup{d (f(2), fr(2)) : z € K} < 3
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But since each f, is continuous there is a §,0 < § < R, such that |z — 29| < ¢ implies that

d (fr(2), fr (20)) < %

for 1 < k < n. Therefore, if |z — 29| < ¢, f € .%, and k is chosen so that (x) holds, then

d(f(2), f(20)) < d(f(2), fu(2)) + d (fr(2), fx (20)) + d (fx (20) , f (20)) <€

That is, .%# is equicontinuous at zy. Now suppose .% satisfies conditions (a) and (b); it must be shown that
Z is normal. Let {z,} be the sequence of all points in G with rational real and imaginary parts (so for z in
G and ¢ > 0 there is a z,, with |z — z,| < ). For each n > 1 let

Xo={f(zn): fEeF} C

from part (a), (X,,d) is a compact metric space. Thus, by Proposition 3.4.10, X =[]~ X,, is a compact
metric space. For f in .% define f in X by

f:{f(zl)vf(ZQ)v}

Let {fx} be a sequence in .%; so { fk} is a sequence in the compact metric space X. Thus there is a ¢

in X and a subsequence of { fk} which converges to £. For the sake of convenient notation, assume that

¢ = lim f},. Again from Proposition 3.4.10,
(06): lim fi (20) = wn
k—o0

where £ = {w,, }. It will be shown that { f;} converges to a function f in (G, 2). By (*x) this function f will
have to satisfy f (z,,) = w,. The importance of (xx) is that it imposes control over the behavior of {f} on a
dense subset of G. We will use the fact that { f} is equicontinuous to spread this control to the rest of G.

To find the function f and show that {f;} converges to f it suffices to show that {f;} is a Cauchy sequence.
So let K be a compact set in G and let ¢ > 0; by Lemma 3.4.5(b) it suffices to find an integer J such that for
kyj>J,

(k% %) sup{d (fi(2), f;(2)) 1z € K} < e.

Since K is compact R = d(K,0G) > 0. Let K1 = {z:d(z,K) < 1R}; then K, is compact and K C int
K; ¢ K; C G. Since .% is equicontinuous at each point of G it is equicontinuous on K; by Proposition
3.4.11. So choose §, 0 < ¢ < 3R, such that

W:  dFE.FE) <

for all f in .% whenever z and 2’ are in K with |z — 2’| < §. Now let D be the collection of points in {z,}
which are also points in Kj; that is
D={z,:2,€ K1}

If z € K then there is a 2, with |z — z,| < §; but § < JR gives that d (z,, K) < 3R, or that z, € K;. Hence
{B(w;¢) : w € D} is an open cover of K. Let wy,...,w, € D such that

i=1

Since limy_, oo fx (w;) exists for 1 <14 < n (by (*x)) there is an integer .J such that for j, k > J

(2): d(fr(wi), fj (wi)) <

W] ™
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fori = 1,...,n. Let z be an arbitrary point in K and let w; be such that |w; — z| < §. If k and j are larger
than J then (1) and (2) give

d(fu(2), i(2)) < d(f(2); fi (wi)) + d (fi (wi), £ (wi)) + d (f5 (wi), f3(2)) < e

Since z was arbitrary this establishes (x * x). O

Let G be an open subset of the complex plane. If H(G) is the collection of analytic functions on G, we can
consider H(G) as a subset of (G, C). We use H(G) to denote the analytic functions on G rather than A(G)
because it is a universal practice to let A(G) denote the collection of continuous functions f : G= — C that
are analytic in G. Thus A(G) # H(G).

The first question to ask about H(G) is: Is H(G) closed in (G, C) ? The next result answers this question
positively and also says that the function f — f’ is continuous from H(G) into H(G).

Theorem 3.4.14. If { f,,} is a sequence in H(G) and f belongs to ¥ (G, C) such that f,, — f then f is analytic
and £¥) — f® for each integer k > 1.

Proof. We will show that f is analytic by applying Morera’s Theorem. So let 7" be a triangle contained inside
adisk D C G. Since T is compact, {f,} converges to f uniformly over T'. Hence [,. f = lim [. f,, = 0 since
each f, is analytic. Thus f must be analytic in every disk D C G; but this gives that f is analytic in G.

To show that f\") — f*), let D = B(a;r) C G; then there is a number R > r such that B(a; R) C G. If v is
the circle |z — a| = R then Cauchy’s Integral Formula gives

4 fn B
f’r(lk)( ) f(k) = 27TZ/ k?Jrl

for z in D. Using Cauchy’s Estimate,

kKM, R
f7(lk)( ) f(k) ’ > W for ‘Z—CL| <,

where M,, = sup{|fn(w) — f(w)|: |w —a| = R}. But since f, — f,lim M, = 0. Hence, it follows from
above equation that f,(,k) — f®) uniformly on B(a;7). Now if K is an arbitrary compact subset of G and
0 <7 < d(K,dG) then there are ay, ..., a, in K such that K C Jj_, B (a;;r). Since #5 —5 £®) uniformly
on each B (a;;r), the convergence is uniform on K. O

We will always assume that the metric on H(G) is the metric which it inherits as a subset of ¥’(G, C). The
next result follows because %' (G, C) is complete.

Corollary 3.4.15. H(G) is a complete metric space.

Corollary 3.4.16. If f,, : G — C is analytic and ), f.(z) converges uniformly on compact sets to f(z)
then
F®)(2) Z £

It should be pointed out that the above theorem has no analogue in the theory of functions of a real vari-
able. For example it is easy to convince oneself by drawing pictures that the absolute value function can be
obtained as the uniform limit of a sequence of differentiable functions. Also, it can be shown (using a The-
orem of Weierstrass) that a continuous nowhere differentiable function on [0, 1] is the limit of a sequence of
polynomials. Surely this is the most emphatic contradiction of the corresponding theorem for Real Variables.
A contradiction in another direction is furnished by the following. Let f,(z) = +a" for 0 < z < 1. Then
0 = u — lim f,,; however the sequence of derivatives { f;,} does not converge uniformly on [0, 1].
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3.5 Riemman Mapping Theorem

Definition 3.5.1. A set .# C H(G) is locally bounded if for each point ¢ in G there are constants M and
r > 0 such that for all f in %,
If(z)| < M, for |z —a| <.

Alternately, % is locally bounded if there is an » > 0 such that

sup{|f(2)|: |z —a| <r f€F} <.

That is, # is locally bounded if about each point @ in G there is a disk on which % is uniformly bounded.
This immediately extends to the requirement that .%# be uniformly bounded on compact sets in G.

Lemma 3.5.2. A set .# in H(G) is locally bounded iff for each compact set K C G there is a constant M
such that
If(R) <M

forall fin % and z in K.
Theorem 3.5.3 (Montel’s Theorem). A family .# in H(G) is normal iff .% is locally bounded.

Proof. Suppose .%# is normal but fails to be locally bounded; then there is a compact set K C G such that
sup{|f(2)| : z € K, f € Z} = oo. That is, there is a sequence {f,} in .# such that sup {|f.(z)| : z € K} > n.
Since .# is normal there is a function f in H(G) and a subsequence { f,,, } such that f,,, — f. But this gives
that sup {|fn,(2) — f(2)|: 2 € K} > 0ask — oo. If | f(2)| < M for zin K,

n < sup {[fn, (2) = f(2)] : 2 € K} + M

since the right hand side converges to M, this is a contradiction. Now suppose % is locally bounded; the
Arzela-Ascoli Theorem will be used to show that .%# is normal. Since condition (a) of Arzela-Ascoli Theorem
is clearly satisfied, we must show that .# is equicontinuous at each point of G. Fix a point ¢ in G and ¢ > 0;
from the hypothesis there is an 7 > 0 and M > 0 such that B(a;r) C G and |f(z)| < M for all z in B(a;r)
and for all f in #. Let |z —a| < ir and f € .%; then using Cauchy’s Formula with v(¢) = a+re,0 < t < 2m,

B _ 1 f(w)(a—2)
5@ =16 = 52| | G
2
< —la—z|
T
Letting 6 < min {3r, 75¢} it follows that |a — z| < § gives |f(a) — f(2)| < e for all f in .Z. O

Corollary 3.5.4. Aset .# C H(G) is compact iff it is closed and locally bounded.

Lemma 3.5.5. If U C Cis aregion and f; € H(U) are injective with f; — f uniformly on compact K C U,
then f € H(U) is either a constant or also injective.

Proof. Suppose f is not injective. Then exists z1,20 € U, 21 # 22, s.t. f(z1) = f(z2). Define g;(z) =
fi(2) = fj (z1). As each f; is injective, the only zero of g; is z;. Now g; — g, g(z) := f(2) — f (z1), uniformly
on compact K C U. We want to show that ¢ = 0. Suppose not. Then z; is an isolated zero of g, since
g € H(U) and U is a region. So let B (z3,7) C U s.t. the only zero of g on B := B (z9,7) is zo. Now, by
Rouché

1 9'(€)

B 2mi o 9(&)
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Besides, for all £ € 0B,

1 1 ‘_ 19(5) — g;(©)]

9;€)  9©1  19(&)l1g;(&)
where
195 ()] = 19(E)| = 19(&) — 9;(£)]
> i - - y )
= 1161an|9| lg = g5l o8)
> mingp |¢g| 50
2
for large j, and so
1 1
— = 008 19— 93l 1 (o) = O
~9,0B 119 — 9jllpe
‘ 5 9l g illLee ()
Thus, i — % uniformly, and by previous result, g; — ¢’ uniformly on 9B. So % — % uniformly on 0B
giving
1 ! 1 y
21 Jogp g i—o 27 Jop 9j
=0 Vj as only zero z; of g; isnotin B
Contradiction. So ¢ = 0 and f is a constant, as desired. O

Theorem 3.5.6 (Riemann Mapping Theorem). U C C a simply connected set, U # C. Then there is a
conformal bijeciton U — D := B(0, 1).

Proof. Let
Y={¢:U— B(0,1) | v € H(U) injective}
We need to show that there is a surjective ¢ € .
Step I: we claim that o # @.
Letwg € C\ U (As U # C). Then z — z — wy, z € U, is a non-vanishing element of H(U), so by simply-

connectedness (Theorem 2.3.8) there is a 1 € H(U) such that ¢*(z) = 2 — wg, Vz € U. Notice that ¢ is
injective. Indeed, ¢(z1) = p(22) = 21 — wo = @(21)? = p(22)? = 29 — wp. Also,

(%) 1 @(z1) = —p(22) = 21 —wp = @(21)2 = (—90(22))2 = @(22)2 = Z2 — Wp.

By open mapping theorem, ¢ is open, and so ¢(U) C C is open. Choose a ball B(a,r) C ¢(U), 0 < r < |al.
Now ¢(U) N B(—a,r) = @: if there were some w = ¢(z), z € U, |w+ a] < r, then we would have
| —w —a| = |w+ a|] < r. This implies that —w € B(a,r) C ¢(U). Thus, —w = ¢(Z) for some z € U. But then
0(Z) = —p(z) = z =z (by (¥)) = w = —w = w = 0. Contradiction (as 0 ¢ B(—a, ) by condition r < |a|.)

Define
r

= zeU.
¥(z) sra -

By ¢(U) N B(—a,r) = &, we see that |p(z) + a| > r for all a« € U, so ¢ mapsto D. Also, ¢ is injective:
P(z1) = Y(22) = p(21) = p(22) = 21 = 22. Therefore, 1) € X.

Step II: Our second claim is that if we let zy € U be fixed and define
1 = sup [¢'(z0)|
ISy

Then 1 < oo and there exsits ¢ € ¥ such that |[¢'(z0)] = 7.
To see 1 < oo, notice that by Cauchy estimate, if we choose some ball B(zy,r) C U, we get

(0 < (Blanm)
SH [P e ))Sl
r

|9’ (20)| Vip € %

<
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simply becasue ¢ : D — D. Thus, n < 1 < oco. By properties of supremum, there is ¢, € ¥ such that
[4! (20)] = n as n — oo. We hope that {¢,,} has a limit in some sense. We use a normal family argument. By
Montel’s theorem, as {t,} is clearly uniformly bounded (they map to D after all), {¢,,} is a normal family.
For simplicity, define the subsequence that converges uniformly in compact subsets of U still by {¢,,}. Let
h € H(U) be the limit. Also, ¢;, — h’ uniformly in compact subsets, so

[ (20)] = lim [}, (20)] =
n—oo

h is injective by previous result, as it is not constant. It is not constant because n > 0 (X # @ and injectivity
and analiticity imply nonzero derivative) and |h/(2¢)| = 1. Now, & also maps to D:

(1) [h(=)] = lim [tha(2)] < 1.

——
<1
(2) if |h(z)| = 1 for some z € U, then the fact that |h| obtains its maximum on the open connected U
implies & is a constant.

Therefore, h € ¥ and |h/(2)| = 7. Step II is then complete.

Step III: any h € ¥ with |h/(29)| = 7 is always a surjection (This step will finish the proof due to Step II.)
We will show this by showing that if ¢» € ¥ is not subjective (ie. U # B(0,1)), then Jy; € ¥ with
[ (z0)] > @’ (20)]. This obviously implies step IIL. So fix ¢ € ¥ with ¢)U # B(0,1). Choose o € B(0,1)\yU.
We use the automorphism of the disk D = B(0, 1)

o —z

vale) =157

t which has ¢, (o) = 0, 9, (0) = a, and ¢, = ¢,. Notice that ¢, o 1) € X has no zero, so ¢, o ¢ = g* for
some g € H(U) due to simply-connectedness. Note that g is injecitve:

9(21) = g(22) = @a 0 ¥(21) = ¢*(21) = §°(22) = ¥a © V(22)
= 21 = 29 (becasue ¢, o1 injective)

In fact, g € ¥ as
l9()| = 19(2)*1? = pa 0 (2)] % < 1.
————
<1
Let 8 = g(z0) € D, and let ¢); := @ 0 g € X.. We use Schwarz’s lemma to prove that

[¥1 (20)] > |9 (20)|-

We figure out how to write the original ¢ in terms of ;. Define s(z) = 22. Now,

9*=paoy
Y=¢a0 so0g =@paosopgopgog=~Foyy.
N— e N~

=F =1
where F' : D — D. We will show |F’(0)| < 1 using Schwartz. Notice F' : D — D is analytic with
F(0) = ¢a ()
= va (9(20)%)

= al(pa (¥ (20)))
=(20) =1 7

As we want 0 — 0 to be able to use Schwarz, we will use ¢, o F, since ¢, (F(0)) = ¢~(y) = 0. Apply Schwarz
to ¢, o F' to obtain
ey 0 F)'(0)] <1
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as otherwise it would be a rotation, which is not possible as it is not injecitve due to s. Chain rule gives
(05 0 F)'(0) = ¢, (7) F'(0)

where |¢ (v)| = ﬁ > 1andso |F'(0)] < W < 1. So this Schwartz trickery gave us |F’(0)| < 1. Recall
¥

1 = F o)1, and so
V' (20) = F' (11 (20)) ¥ (20)
= F'(0)¢1 (20) »

since ¥1 (z0) = w3(8) = 0. So
¥ (z0)| = | F'(0)| 141 (20) | < [4h1(20)].
——

<1

Notice this requires us to know ¢ (zo) # 0, but this follows as ¢ € X is an analytic injection. O

Notice that the proof only used that
In U we have: if f € H(U) non-vanishing, f = g for some g € H(U).

This then completes the proof of (f) = (a) part of the Theorem 2.3.8. But for U # C, Riemann mapping
theorem is much stronger than (f) = (a).

3.6 The Phragmén-Lindeloff Type Results

We recall that the maximum modulus principle fails without assuming U to be bounded.

Example 3.6.1.
(1) U = {Re(z) > 0}, f(2) = e*. Then |f(2)| = e®¢(*) = €0 =1 on OU but |f(z)| = e® — oo as x — oc inside
the half-plane.

(@ U ={-2<Argz< T}, f(z) = ¢. Then f (re¥f) = ¢ & so |f| = 0 on the boundary OU of the
sector U. still f(z) = e” — 0o as z — oo inside the sector.

What if we impose some growth restriction on f?

Theorem 3.6.2. Let o« > 1 and put
U= {z: | Arg 2| < l}
2a

Suppose that f is analytic on U and continuous on U and there is a constant M such that |f(z)| < M on 9U.
If there are positive constants C, ¢ and 8 < « such that

(+): 1f(2)] < Cexp(c|2|)

forall z € U, then |f(z)| < M for all zin U.

Remark 3.6.3. If we suppose some reasonable growth condition inside U, then maximum modulus holds
even in the unbounded sector U. 3 < « cannot be dropped: in the examples above,a = =1landa=8=2
make them fail.

proof of the theorem. Fix ¢ > 0 and v € (8, ). Define F.(z) = F(z) = exp (—ez7) f(z). Here, 27 = r7e"?
when z = re? € U <= r > 0and |d] < 5. Notice that |[yf| < 17 < T, so 27 is analytic, and also
cos(v6) > 0. Now

|F(2)] = exp (Re(—e2")) | /()] = exp (—er” cos(70)) | (2)| < [f(2)] Vz €U
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In particular, |F(z)| < M on 9U. For z € U, we use the growth assumption (*) and above equation to see

B _ ey B _ ep aim
|F(2)| < Cexp(cr” —er? cos(v0)) < Cexp (cr er” cos <2a)>

¢ (77r)
—ecos [ —
rY—p8 2a
~—— —_———

o >0

=Cexp | r”

As v > (3, clearly, for |z| = r large enough uniformly on 6 the negative power dominates and the whole term
goes very small, so |F'(z)| < M on U. By maximum modulus principle applied to F' on a compact part K of
the sector (green area in Fig. 3.2)

RO
4, %
(

/F/JM

Figure 3.2: A compact part of the sector.

Then since all of the boundary of K have |F| < M, we get
|| < max{|F(z)|} = max {|[F(z)|} < M.
Evoking proposition 3.4.1, we have |F| < M on U. Finally,
|7 (2)] < |exp(e27) F(2)] < M exp (er” cos(v0)) SV
O
The idea of this Phragmén-Lindel6ff type proof is to modify f by some h., that is, to form F. = h.f. And h.
is chosen so that,

(i) The boundary behavior moves to Fy, e.g., |F-| < |f]-

(ii) Function F. vanishes fast enough as we go towards the unbounded parts of U. This allows one to apply
maximum modulus principle in a bounded set.

(iii) We can move the result obtained from F. to f, e.g., 1/|ho(2)| = 1lase — 0
Remark 3.6.4. The sector in the Phragmén-Lindel6ff theorem can be rotated and U = {z : [Arg 2| < &~

with a > % is the maximal possible sector for which the theorem applies since we need the cosin of a6 to be
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positive (see the proof). In practice, one choose particular « or a range of « so that the associated sector is
no larger than this theorem assumes (see 3.6.5 for example). We will later in the next subsection apply to
the quadrants too.

The following version is used to show the Riesze-Thorin interpolation theorem later and is left as an exercise.
Proposition 3.6.5. Let U := { — 9= <Argz < %}, a > 1/2. Suppose f € H({U)N ¢ (U) and |f| < M on
OU. Suppose we have the following a priori estimate: for all § > 0 we have for all z € U that

f(2)] S5 €
with the notation meaning that for some C; < co we have |f(z)| < Csedl#l”, 2 € U. Then

FEISM, el

Proof. We define F': U — C as
F(z) = F.(2) = e~ f(2)

Suppose ¢t > 0 and we choose ¢ such that 0 < § < e. Then there is a constant C; with

IF(1)] = | f(B)le™t" < Cpedt" ==t = Cpet™(6=9) 28 g

because o > 1/2 and § —e < 0. Thus there exists some point k to form a compact set [0, k] s.t. the continuous
function |F'(t)|, t > 0 assumes its maximum M; = max;>¢ |F'(t)| on some point in K. Thus,

|F(2)] < M,z € [0,00) (3.2)
Let My = max{M;, M} and we split the sector into halfs:
Ut={2€G:0<Argz<7/2a}, U" ={2€G:0> Argz > —7/2a.}

For z =re” € U (so — £ < 6 < £ and cosab € (0,1)), we have

<0

ST
IF()] = [F()le™="] = |£(2)|eRe) = | f(z)]e " 05(00) | £(2)] < Cpetll”

If z € OU, we by above equaton also have
[F(2)] <|f(2)] < M (3.3)
Therefore, by (3.2) and (3.3), we have |F(z)| < M, for all z in U and oU ~.
To use Phragmén-Lindelo6ff theorem, we can for example get a looser bound on |F'(z)| by picking § = e with
[F(2)] < f(2)] S el el = 2l

Remark 3.6.4 now applies to U and U™, which both have size within [, or % with 8 = 2a, and therefore
the power of |z| is & < § = 2a, satisfying the condition (x) in the Phragmén-Lindel6ff theorem (where the
roles of « and f3 are switched in the theorem). The theorem then says | f(z)| < M, on both U" and U~ and

thus on the whole U.

Lastly, we show that it is not possible that M; > M. In fact, if My} > M then M, = M;. Since 0 € 9U,
we see |F(0)| = [f(0)| < M < M; = max;>¢|F(t)|, which implies that the point by which |F'| reaches it
maximum is not 0 but rather a point € R, which thus lies inside U. Also note that for any z = re?® € U, we
have ¢ < r(cos(af))/* so that e=!" > e¢=="" cos(a9) ' which indicate that max.cyp |F(2)| = max.er, |F(2)].
Therefore, the point x makes |F'| reach the max on whole U. Applying the Maximum modulus principle to
this open connected U gives us a constant F'. Thus M = M; = M,. Contradiction. Thus, M; < M and
My = M. Then |F(z)| < M for all zin U. Then

[F(2)| = [f(2)l[e™" D < M = | f(2)] < MeT™ D) vz el

Since M is independent of ¢, we can let e — 0 and get |f(z)| < M for all z in U. O
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There are versions in other type of regions as well - in particular, in some strips.

Theorem 3.6.6 (Hadamard three-lines theorem). Let f(z) be a function on the strip
U={z+iy:a <z <b},
holomorphic in the strip and continuous on the closure of the strip. Suppose |f(z)| < BVz € U. If

M(x) =Sl;p|f(w+iy)\

then log M (z) is a convex function on [a, b]. In other words, if z = (1 — t)a + tb with 0 < ¢ < 1, then
log M(x) < (1 —t)log M(a)+ tlog M(b),
or
M(x) < M(a)' "t M(b)'.

or

z—a

M(x) < M(a)?== M(b) =
In particular, |f| < B can be replaced by | f| < max(M (a), M (b))

Re(z) =0 Re(z) =1

\J

e e e Q- ————— -

Proof. After an affine transformation in the coordinate z, we can assume that ¢ = 0, b = 1. Then z =
(1—-t)a+tb=t e [0,1] and we need to show

M(z) < M(0)'*M(1)*, 0 <z < 1.
We do the special case B = 1 first: |f(2)| <1ondU = |f|<1lonU.

This is the usual Phragmén-Lindeloff strategy. Given ¢ > 0, define

Fu(2) = F(z) = lffg)z, €T

As |[Re(2)| < |z|, we have |1 + ez| > |Re(1 +¢2)| = 1 + ez > 1, so |F(2)| < |f(2)] for z € U. In particular,
|F(2)] <1ondU. As |1 +¢ez| > |lm(1 + €2)| = e|y|, we see

re < LB

< —.
elyl  elyl

Thus now |F'| < 1 for |y| larger then some number c uniformly on . By maximum modulus principle applied
to the rectangular region bounded by d{|y| > c} and d{z € [0, 1]}, we see |F)| < 1 on U after letting c go to
infinity. Lete — O to get |f| < 1on U.

The general case reduces to this, but the reduction is non-trivial. First observe that we can assume M (0), M (1) >
0 (note that M(z) = sup, |f(z + yi)| > 0) because suppose we have proved the statement for the case
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M(0), M (1) > 0 and now for some f we have say M (0) = 0, then we define ¢ = f + ¢ and apply the

statment to g:
statement

sup |f| —e <suplgl < (M(0)+¢)! T (M(1) +¢)*
Yy Yy
where the last step is by noticing that for any « € [0, 1],

sup |g| = sup|f(z 4+ yi) +e| < sup|f(x +yi)| +e = M(x) +e.
Yy Yy Yy

Now M (0) =0, so

x €—0

sup | f| §6+81_I(M(1)+8) -0
Yy

implying that f = 0, which means the statement is trivially true.

Assume M (0), M (1) > 0. Define g(z) = M(0)!=*M(1)* for z € C. Here for any M # 0 a function of the
type z — M? := e*1°8 M js clearly entire, and so g is entire. We have

lg(2)] = [M(0)'~*||M(1)7|
_ e(l—w) log ]\/I(O)ew log M (1)
= M(0)' "M (1)*
= lg(x)]
is independent of y. In particular, |g| > min{M (0), M(1)} > 0, implying 1/g is bounded. So f/g € €(U) N
H(U) is bounded and when z = 0 we have [g(iy)| = g(0) = M(0) and when = = 1 we have [g(1 + iy)| =

g(1) = M(1). This implies |f/g| < 1 on OU, and then our special case B = 1 above implies |f/g| < 1on U.
Thus,

1£(2)] < |g(2)| = M(0)'*M(1)*, 2€TU.

3.7 The Riesz interpolation theorem

We copy the section 1 and 2 from second chapter of [14].

3.7.1 Motivation from Fourier Analysis

An initial problem considered was that of formulating an LP analog of the basic L? Parseval relation for

functions on [0, 2. This theorem states that if a,, = 5~ 02 " f(0)e~"?d0 denotes the Fourier coefficients of a
function f in L?([0, 2n]), usually written as

FO) ~ > ane™, (3.4)

n=—oo

then the following fundamental identity holds:

0 2_i 27 )
> lol? =52 [ @), (3.5)

n=—oo

Conversely, if {a,} is a sequence for which the left-hand side of (3.5) is finite, then there exists a unique
f in L*([0,27]) so that both (3.4) and (3.5) hold. Notice, in particular, if f € L?([0, 2x]), then its Fourier
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coefficients {a, } belong to L?(Z) = (?(Z).! The question that arose was: is there an analog of this result for
LP whenp #27?

Here an important dichotomy between the case p > 2 and p < 2 occurs. In the first case, when [ €
L?([0,2x]), although f is automatically in L2([0, 2x]), examples show that no better conclusion than 3 |a,|* <
oo is possible. On the other hand, when p < 2 one can see that essentially there can be no better conclusion
than 3" |a,|? < oo, with ¢ the dual exponent of p. Analogous restrictions must be envisaged when the roles
of f and {a, } are reversed. In fact, what does hold is the Hausdorff-Young inequality:

1/p

1/q 1 27
(Sl < (55 [ 1sras) 3.6)
™ Jo
and its “dual”

(" |f(9)|"d9>1/q < (X)) 3.7)

both valid when 1 < p < 2and 1/p+ 1/g = 1. (The case ¢ = oo corresponds to the usual L* norm.) These
may be viewed as intermediate results, between the case p = 2 corresponding to Parseval’s theorem, and its
"trivial” case p = 1 and ¢ = oo.

A few words about how the inequalities (3.6) and (3.7) were first attacked are in order, because they contain
a useful insight about LP spaces: often, the simplest case arises when p (or its dual) is an even integer.
Indeed, when, for example ¢ = 4, a function belonging to L* is the same as its square belonging to L?, and
this sometimes allows reduction to the easier situation when p = 2. To see how this works in the present
situation, let us take ¢ = 4 (and p = 4/3 ) in (3.6). With f given in LP, we denote by F the convolution of f

with itself,
1 27

F(0) = 5= f(0—p)f(p)dp

:277 0

By the multiplicative property of Fourier coefficients of convolutions we have

F(8) ~ i a2e™?,

n=—oo

with {a, } the Fourier coefficients of f. Parseval’s identity applied to F then yields

S o]t = o= / " \F@)2a0
271' 0 ’

and Young’s inequality for convolutions gives

1F ez < 17 ass,

proving (3.6) when p = 4/3 and ¢ = 4. Once the case ¢ = 4 has been established, the cases corresponding
to ¢ = 2k, where k is a positive integer, can be handled in a similar way. However the general situation,
2 < g < oo, corresponding to 1 < p < 2, involves further ideas.

In contrast to the above ingenious but special argument, in turns out that there is a general principle of great
interest that underlies such inequalities, which in fact leads to direct and abstract proofs of both (3.6) and
(3.7). This is the M. Riesz interpolation theorem. Stated succinctly, it asserts that whenever a linear operator
satisfies a pair of inequalities (like (3.6) for p = 2 and p = 1 ), then automatically the operator satisfies the
corresponding inequalities for the intermediate exponents: here all p for 1 < p < 2, and ¢ with 1/p+1/¢ = 1.
The formulation and proof of this general theorem will be our first task in the next section.
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3.7.2 The Riesz interpolation theorem

Suppose (po, ¢o) and (p1, ¢1) are two pairs of indices with 1 < p;, ¢; < oo, and assume that

{ IT(f)llLoo < Mol flleo, Vf € LPo
I1T(f)l|par < Mi||fllpes, Yf € L

where T is a linear operator. That is, 7" maps LP° — L% and LP* — L% boundedly in the above sense. Does
it follow that 7" : L? — L9 for some intermediate p, q, i.e.,

[T < M(Mo, My)||f||ze,  for other pairs (p,q)?

Yes, and the Marcinkiewicz interpolation theorem (see Math5051) applies but in the case where

(1) po = qo and p; = qi.

(2) T is sublinear instead of linear.

(3) there is an even weaker assumption than 7" mapping LP° — L% and LP* — L% boundedly to conclude
T:LP — LA,

(4) there isn’t a good bound resulted for M (M, M7).

Thus, (2) and (3) are positive things while (1) and (4) are restrictions. We will give Riesz’s answer to the
question.

The precise statement of the theorem requires that we fix some notation. Let (X, ) and (Y, v) be a pair of
measure spaces. We shall abbreviate the L” norm on (X, y1) by writing || f||z» = || f|| z»(x,u)> and similarly for
the L? norm for functions on (Y, dv). We will also consider the space L*° + LP! that consists of functions on
(X, i) that can be written as fo + f1, with f; € LPs (X, ), with a similar definition for L% + L.

Theorem 3.7.1 (Riesz interpolation theorem). Suppose T is a linear mapping from LP° + LP* to L%+ L%,
Assume that 7" is bounded from L?° to L% and from LP* to L%

{ IT(f) a0 < Mol[f|ro,
1Tl ar < Mul|fl| e -

Then T is bounded from LP? to L9,
)t NT(Hllee < M| fllze,

whenever the pair (p, ¢) can be written as

1 1-t 1 1-t t
= — +

t
+— and -
Po b1 q qo q1

for some ¢t with 0 < ¢ < 1. Moreover, the bound M satisfies M < M&‘th.

Proof. We begin by establishing the inequality when f is a simple function, f = > axx g, Where sets Fj, are
disjoint and of finite measure. We can assume || f||z» = 1 because if we proved (x) for this case, i.e.,

1Tl < M,
we then apply the result to the function f/||f||.» for any f € L? to get
1T/ fllze) = llze < M,

Lemma 10.1.16 and remark 10.1.17 assert that

ITflee = sup \ [
lgll, g =1
g simple
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so we only need to show for any g simple and ||g|| ;. = 1,

[ n000| < MIFlsr o
For now, we also assume that p < co and ¢ > 1. Suppose f € LP is simple with || f||z» = 1, and define
1—
Fo=IIPOE where () =p (24 2,
| f] Po P

and

1 _
g- = gL where §(z)=¢ ( o Z/) ’
g1 a0 Y

with ¢, ¢{, and ¢} denoting the duals of ¢, qo, and ¢; respectively. Then, we note that f, = f. We also observe
that if Re(z) =0, i.e., z = yi, then

Do . DPo
— |7 log | f]

[flPo {1

: ; Po
l1—yi | yi
— ep( 0 +p1)loglf’

[ttt

_ ep'%'logV\'Po = |fJP

and consequently || f||.» = 1 implies that

1/po 1/po
[ f:llLre = (/fzpo) = (/|f|1’) = (Iflle )PP =1

One can also compute that Re(z) = 1 results in ||f.||z»» = 1, and there are analogous results for g,. We
summarize them below.

- fe = f and

0
1

1f=lloo =1 if Re(z)
£zl =1 if Re(2)

- gt = g and

gl 0 =1 if Re(z) =0
lg=ll, s =1 if Re(z) = 1.

The trick now is to consider
d(z) = /(sz)gzdz/

Since f is a finite sum, f = > apx g, Where the sets Ej, are disjoint and of finite measure, then f, is also

simple with
2 : v(z) Ok
f.= ‘ak‘ |ak|XEk'

Since g = > b;xr, is also simple, then

(= b;
9= :Z|bj| ( )|b7;|XFj-
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With the above notation, we find

z z) @ b;
(I)(z) :Z|ak"‘/( )|b]|6( ) Yk Y5 (/T(XEA)XFJdV>7

— arl 5]

so that the function ® is a holomorphic function in the strip 0 < Re(z) < 1 that is bounded and continuous
in its closure. After an application of Holder’s inequality and using the fact that 7" is bounded on LP° with
bound M, we find that if Re(z) = 0, then

[@(2)| < TSl pao N9zl oy < Mol £zl oo = Mo-

Similarly we find |®(z)| < M; on the line Re(z) = 1. Therefore, by the Hadamard three-lines theorem 3.6.6,
we conclude that @ is bounded by M, *M! on the line Re(z) = t. Since ®(t) = [(Tf)gdv, this gives the
desired result, at least when f is simple.

In general, when f € L? with 1 < p < oo, we may choose a sequence {f,,} of simple functions in L? so that
Il fr. — fll,» — 0O (as in Exercise 6 in Chapter 1 of [14]). Since ||T (f,)| .« < M || fnll.», we find that T'(f,) is
a Cauchy sequence in L9 and if we can show that lim,, .., 7 (f,) = T(f) almost everywhere, it would follow
that we also have || T(f)||r« < M| fllLe-

To do this, write f = fYV + fL, where fU(z) = f(z) if |f(x)| > 1 and O elsewhere, while fZ(z) = f(z) if
|f(z)] < 1 and O elsewhere. Similarly, set f,, = f¥ + fL. Now assume that py < p; (the case py > p; is
parallel). Then py < p < pi, and since f € LP, it follows that fU € LPo and f* € LP*. Moreover, since
fn — f in the L? norm, then fV — fY in the L?° norm and fL — fZ in the LP* norm. By hypothesis, then
T(fY)y =T (fY)in L% and T (f%) — T (f*) in L, and selecting appropriate subsequences we see that
T (fn) =T (fY) +T (fL) converges to T'(f) almost everywhere, which establishes the claim.

It remains to consider the cases ¢ = 1 and p = oc. In the latter case then necessarily pg = p; = oo, and the
hypotheses ||T(f)||zaw0 < Mo||f]lze and ||T(f)||rar < Mi] f]|Le~ imply the conclusion

IT(f)llpe < My~ M| ||~

by Holder’s inequality (as in Exercise 20 in Chapter 1 of [14]). Finally if p < oo and ¢ = 1, then ¢y = ¢1 = 1,
then we may take g, = g for all z, and argue as in the case when ¢ > 1. This completes the proof of the
theorem. O

We shall now describe a slightly different but useful way of stating the essence of the theorem. Here we
assume that our linear operator 7 is initially defined on simple functions of X, mapping these to functions
on Y that are integrable on sets of finite measure. We then ask: for which (p, ¢) is the operator of type (p, q),
in the sense that there is a bound M so that

IT(f)llee < M| fllL», whenever f issimple? (3.8)

In this formulation of the question, the useful role of simple functions is that they are at once common to all
the L? spaces. Moreover, if (3.8) holds then T has a unique extension to all of L, with the same bound M
in (3.8), as long as either p < oo; or p = oo in the case X has finite measure. This is a consequence of the
density of the simple functions in L?, and the extension argument in Proposition 5.4 of Chapter 1 of [14].

With these remarks in mind, we define the Riesz diagram of T to consist of all all points in the unit square
{(z,y) : 0 <2 <1,0 <y <1} that arise when we set z = 1/p and y = 1/q whenever T is of type (p, q). We
then also define M, , as the least M for which (8) holds whenz =1/pand y = 1/q.

Corollary 3.7.2. With T" as before:
(a) The Riesz diagram of T is a convex set.
(b) log M, , is a convex function on this set.

72



Complex Analysis Anthony Hong

Conclusion (a) means that if (zo,y0) = (1/po,1/q0) and (z1,y1) = (1/p1,1/q1) are points in the Riesz dia-
gram of T, then so is the line segment joining them. This is an immediate consequence of Riesz interpolation.
Similarly the convexity of the function log M, ,, is its convexity on each line segment, and this follows from
the conclusion M < M;~* M} guaranteed also by Riesz interpolation.

In view of this corollary, the theorem is often referred to as the "Riesz convexity theorem.”

Example 3.7.3. The first application of Riesz interpolation is the Hausdorff-Young inequality (3.6). Here X
is [0, 27] with the normalized Lebesgue measure df/(27), and Y = Z with its usual counting measure. The
mapping 7T is defined by T'(f) = {a,}, with

1 27

— f(0)e"map.
271— 0

ap =

Corollary 3.7.4. If 1 <p<2and 1/p+ 1/q =1, then

1T za@) < fllze0,201)-
Note that since L?([0,2n]) € L*([0,2~]) and L?*(Z) C L*°(Z) we have L?([0, 2x]) + L*([0, 27]) = L'([0, 27]),
and also L?(Z) + L*>°(Z) = L>(Z).

The inequality for py = qo = 2 is a consequence of Parseval’s identity, while the one for p; = 1,q; =
follows from the observation that for all n,

1 2T
< —
onl < 5= [ 15@)as

Thus Riesz’s theorem guarantees the conclusion when 1/p = (- t) +t,1/q= (1 Y for any t with0 <t < 1.
This gives all p with 1 < p <2, and g related top by 1/p + l/q =1.

Example 3.7.5. We next come to the dual Hausdorff-Young inequality (3.7). Here we define the operator
T’ mapping functions on Z to functions on [0, 27| by

{an} Z ane’

n=—oo

Notice that since LP(Z) C L?(Z) when p < 2, then the above is a welldefined function on L?([0, 27]) when
{an} € LP(Z), by the unitary character of Parseval’s identity.

Corollary 3.7.6. If 1 <p<2and1/p+1/q =1, then

1’ ({an})HLq([o,zﬂ]) < ||{an}||Lp(Z)

The proof is parallel to that of the previous corollary. The case py = gy = 2 is, as has already been mentioned,
a consequence of Parseval’s identity, while the case p; = 1 and ¢; = o follows directly from the fact that

o
E aneme

n=—oo

o0

< Z |an |

n=—oo
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3.7.3 Fourier Transform and Paley-Wiener Theorem

We recall that the Fourier transform (FT) f: R?% — C of a function f : R¢ — C is defined as
FO = | flx)e ™™ ¢dy, ¢ € R (3.9)
Rd

The inversion is
fl@)= [ f&em=tds, x e R (3.10)
Rd

the most elegant and useful formulations of Fourier inversion are in terms of the L? theory, or in its greatest
generality stated in the language of distributions. We are satisfied by the following results. See Stein’s third
book p.86 for proofs.

Proposition 3.7.7. Suppose f € L'(R9). Then fdeﬁned by (3.9) is continuous and bounded in R?.

Proposition 3.7.8. Suppose f € L'(RY) and assume also that fe L*(R%). Then the inversion formula
(3.10) holds for almost every .

Corollary 3.7.9. Suppose f(ﬁ) =0 for all £&. Then f =0 a.e.

We consider the analog of Hausdorff-Young for the Fourier transform. Here the setting is R? and the L?
spaces are taken with respect to the usual Lebesgue measure. We initially define the Fourier transform
(denoted here by T') on simple functions by

F©) = [ fapeeea

Then clearly, ||F(f)|lr~ < ||f||z:, and F has an extension (by Proposition 5.4 in Chapter 1 for instance)
to L' (R%) for which this inequality continues to hold. Also, F has an extension to L? (R?) as a unitary
mapping. (This is essentially the content of Plancherel’s theorem. See Section 1, Chapter 5 in Book IIIL.)
Thus in particular || F(f)||z2 < ||f||z2, for f simple. The same arguments as before then prove:

Corollary 3.7.10 (Hausdorff-Young). If 1 < p < 2 and 1/p + 1/q = 1, then the Fourier transform F defines
a linear mapping LP(R?) — L7(R<) has a unique extension to a bounded map L?(R%) — L%(RY), i.e., with

IT(H)llzs < [ fllze-

Proof. F: LY(R?) — L>(R%) with ||ﬂ|Loc(]Rd) < | fllL1 (re) becasue V&,

1= | [ s@rmsas| < [0 = e

Also, F : L*(RY) — L2?(R?) with |\f|| r2®) = ||fllz2(re) by Plancherel. We will use Riesz interpolation
theorem with pg =1, gg = 0o, My =land p; = q; =2, M; = 1.

Fix 1 < p < 2. Notice that then ¢ > 2 implying that 1/¢ < 1/2 and thus ¢ := 2/¢q < 1. We deifne

1—t¢ t 1 1—t¢ t
Pt = + = +

o p @ @ @
as in Riesz’s theorem. With the ¢ we defined, we have

1 1—¢t t 1-2 2 2 1 1 1
— = — = /q+ﬁ:1_7+7:1_,:,
Dt Do D1 1 2 q q q D

so p; = p. Similar computation gives q; = q.

Riesz’s theorem gives
I Fllze = fllze < My=" M{l|fllzec = [If]|ze-
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Finishing the applications of Riesz’s interpolation theorem to Fourier transform, we now go to the main
theme of this subsection.

Lemma 3.7.11. Suppose a function f is entire and is bounded, i.e., f € H(C) and |f(z)| < A Vx € R for
some A > 0. If for any z € C, | f(2)| < Be*MI*| for some B > 0 and M € R, then we have

If(2)] < Ce>™MWI Ve =g4yicC

for some constant C.

Proof. Let Uy = {z =z +yi : x > 0,y > 0} be the first quadrant. Define
F(Z) _ 627riMz‘f(Z).

Then |F(x)| = |f(z)| < A for z > 0 and |F(iy)| = e~ 2™M¥|f(yi)| < B for y > 0. Thus, F is bounded on
OU, and satisfy the growth condition |F(z)| < |f(z)| < Be? M!*l on U,. This growth restriction is sufficient,
Since U is a sector with angle 7/2, o = 2 in first version of Phragmén-Lindelo6ff theorem, which gives

VzeUr: e ?™W|f(2)| = |F(2)| S1 = |f(2)| S M
The same argument works in the second quadrant Uy = {z 4 yi : < 0,y > 0}. In the remaining quadrants,

where y < 0, this argument is applied to F(z) := e~ 2mM=f(2), O

Lemma 3.7.12. Let F' : U x [a,b] — C be continuous, where U C C is open and a < b. Assume also that
z — F(z,s) is analytic for all s € [a,b]. Then

b
f(2) ::/ F(z,s)ds, zeU
is analyticin U (i.e. f € H(U)).

Proof. Without loss of generality [a,b] = [0,1]. Define f,, as in the hint. Notice that these are analytic as
finite sums of analytic functions. It suffices to show that f,, — f uniformly in all compact K C U. Let ¢ > 0.
Now F is uniformly continuous in the compact product set K x [0, 1]. Thus, there exists § > 0 so that

|F (z,81) — F(z,89)| < ¢
for all z € K whenever s;, s3 € [0,1] satisfy |s1 — s2| < 0. Soif n > 1/4, then for all z € K we have
k/n

|fn(2) — |<Z/ F(z,k/n) — F(z,s)|ds SZE

1)/n

3

and we are done. O

The following characterizes, via complex analysis, when the support of f is bounded.

Theorem 3.7.13 (Paley-Wiener Theorem). Let f € L'(R) be bounded. Then

spt(f) ={§ €R: f #0} C [-M, M]

for some M > 0, if and only if f can be extended to an entire function satisfying | f(z)| < ™M for » € C.
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Proof. Suppose first that spt(f) C [~M, M]. Then clearly, f € L' and by Fourier inversion formula,

M N ]
f(z) = f©)e*™*4de,  x eR.
M

We can actually now define f for z € C via

M ~ .
flz) = f(©e*m = dg

which extends f(z) on R to C. Now lemma 3.7.12 implies that f € H(C), since F(z,&) := f(£)e2 ¢ is
continuous (by DCT) and with fixed ¢ the function z — F(z,¢) is clearly analytic. Moreover, notice that
f e L> because [f(§)| < [|f| = [|f]1- Then

M
(2] S/ [ fllooe™2 e de < 2M || f]|aoe®™ MW < 20 ||| 0 e M.

So it remains to prove the converse. We are assuming f € L'(R) bounded has an extnesion to f € H(C)
with |f(2)| < e?™Ml=l,

)| < e¥™Ml for » = z + yi € C. We still need some extra
f(€) = 0. To prove this, define Ve > 0 the helper function

£(2) i
At 7z

Lemma 3.7.11 implies the improved bound |f(z
control on the z-direction. Fix £ > M. We want

fe(2) =

Notice that |1 + ie(x + yi)|*> = (1 —ey)? + (ex)? > 1+ %22 > 1if 2 € Rand y < 0. Thus, |f-(2)| < |f(2)] in
{2 = x 4+ yi : y < 0}. In particular, this is true on R, so f. € L'(R) and f. is defined. We now have

oo

|ﬂ@—ﬂ@ns/ 1 e

/@)l ’ (11 ica)?

—1— 0, we see that f. — f (£). To be rigorous, one needs to show that

. 1
iy [ 1160 | rge 1] = [ 11ty

1] < 2f().

As

1
1+iex

1| dx.

1+ zsx)

by DCT and the fact that | f(z))| \W

Our goal is to show that f.(¢) = 0 for all & (where ¢ > M is fixed). This then implies f(¢) = 0 as desired.
The good thing is that f. behaves better than f in x-direction:

92m M|y| 2w M |y

|fo(a + i) S °

, eR,y <0.
‘“’1—!—523:2““6 1122 ° v=

We will “move” integration in f. into some other horizontal line than R. To this end, define for y > 0 and
R > 0 then path
~v:=[-R,R] % [R,R — yi] x[R — yi,—R — yi] x [-R — yi, — R.]

As f. € H({Im(z) < 1}) and v is a path in the convex set {Im(z) < 1}, Cauchy’s theorem says that

/ fs(z)e_hizgdz =0
N
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The integral over the vertical lines vanishes by, for instance,

R—iy )
/ f5(2)672ﬂm§d2

R

y . .
/ f-(R - it)ezm(R”)f(—i)dt‘
0

ye27rMy

~NE 1+ R2

R—o0

— 0

(notice how we critically needed the extra z-direction decay and the improved estimate of ¢2712[1)Thus, we
have

R
£(6) = lim /_ ) f(2)e 2

R—o0

lim fo(2)e 2™z
R=00 JI- R—iy, Rtiy]

R
= lim / folx — iy)e 2™ @=W)E gy
-R

R—o0
0 . .
= / felz — iy)e_zm(x_zy)gdx
— 00
oo 2w M 0o
- fa(&)’ Sa / 76 ye_Zﬂyfdx = eQTry(M_g) / 4d117 5 ewa(M—f)
oo L+ 22 oo L+ 22
|
<oo

Recall we fixed { > M, so M — & < 0 above. The parameter y > 0 was arbitrary here, and we can let y — oo
to get f.(£) = 0. This holds with any ¢ > 0, and so f(£) = 0. To prove f(£) = 0 for £ < —M we do almost
the same things: modify f as m and work in the upper half-plane instead. O

Remark 3.7.14. This is a more refined version of the principle that if f and f both have compact support,
then f = 0. Indeed, if also f would have compact support on R, then the zeros of the extended version
f € H(C) would accumulate and f = 0.

Fourier analysis is a rich subject. we end our treatment here, however. The idea was to simply demonstrate
that many problems of Fourier analysis can be fruitfully be attacked using complex techniques.
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Chapter 4

Harmonic Functions

Let U be a region (open connected set in C). A real-valued function f : U — R is said to be harmonic if,
considered as R? — R, it is twice continuously differentiable (i.e., its second derivatives are continuous)
and satisfies the Laplace equation

62 82
Af=V’f:= <8$2+8y2>f:fm+fyy:0

A complex-valued function f : U — C is said to be harmonic if and only if « = Ref and v = Imf are real
harmonic. The study of harmonic functions is called potential theory.

4.1 Harmonicity and Analyticity
Suppose f = u + iv is an analytic function on region U. Then [10] Corollary 4.45 claims that
['(2) = 0zu(z) + 10,v(2) = Oyv(z) — iDyu(z). (4.1)

[10] Theorem 8.1 claims that f is infinitely differentiable. Thus, with Ref’ = d,u, Imf’ = d,v, we apply
above equation again to get

" = 0,(0ptt) + 10y (9yv) = By (Dpv) — iy (Dyur)

Ozt + 10240 = OygV — 10yzu
With Ref’ = 0yv, Imf’ = —0,u, we have
" = 0,(9yv) + 10, (—0yu) = Oy(—0yu) — i0,(0yv)
OpyV — 105yt = —OyyU — 10y

Apply equation (4.1) repetitively to see that « and v are smooth functions on U, i.e., € C°°(U). Therefore, f
being analytic makes « and v automatically twice continuously differentiable, and we shall also see they are
harmonic conjugates of each other as well.

Definition 4.1.1. Let U be a region. Two harmonic functions v : U — R, v : U — R are said to be
harmonic conjugates of each other if in U they satisfy the Cauchy Riemann equation (C.R. eq)

Ou _ dv
ox — Oy
Ou _ _ Ov

dy — Oz
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Proposition 4.1.2. Suppose f = u + iv is an analytic function on region U. Then v and v are harmonic
conjugates of each other.

Proof. Analytic function f satisfies the C.R. eq.

Ozu = Oyv
Oyu = =00
so v and v satisfy C.R. eq. u and v are twice continuously differentiable as we noted above. Thus, we have
their mixed second partial derivatives equal, that is,
() : Oyt = Oyatt,  OpyV = Oyg.

Now we take z-derivatives of C.R. eq. to get

Ozt = Oy
Oyytt = —0Oyzv
By (*), we see
Ozgtt = Oyz¥ = —0Oyyu

= Au = Ogatt + Oyyu = 0.

Thus v is harmonic. Similarly, taking y-derivatives of C.R. eq. will show that v is also harmonic

Av = OV + Oyyv = 0.

We show that the converse is also true.
Proposition 4.1.3. Let U be a region. u and v are harmonic conjugates on U. Then f = u + v is analytic
onU.

Proof. Let z=x +iy € U and let B(z;r) C U. If h = s + it € B(0,r) then

u(x + s,y +t) —u(r,y) = [ulx+ s,y +t) —u(@,y+1)] + [u(z,y + 1) — u(z,y)]

Applying the mean value theorem for the derivative of a function of one variable to each of these bracketed
expressions, yields for each s + it in B(0,r) numbers s; and ¢; such that |s;| < |s| and [¢1] < |¢| and

{u(x+s,y+t)—u(x,y+t>=ux(x+sl,y+t)s 4.2)

U(I’7y+t) - U(I,y) = Uy (z7y+t1)t
Letting
w(sa t) = [u(x + S, Y + t) - ’LL(:L’, y)] - [UI(,I', y)S + uy(xv y)t]
(4.2) gives that

(s, t) s t
= — t) — _
s+ it s+ it [uz (z + 51,y +1) ux(x’y)]+s+it

[Uy (Ivy + tl) - uy(x’y)]

But |s| < |s +it|, |[t| < |s+7it],|s1] < |s], |[t1] < |t|, and the fact that u, and u, are continuous gives that

t
s+it—0 S + 1t

=0 4.3)
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Hence
u(x + s,y +t) —u(x,y) = ug(x,y)s + uy(z, y)t + ¢(s,t)

where ¢ satisfies (4.3). Similarly
v(z 4 s,y +t) —v(r,y) = va (2, y)s + vy (x,y)t + (s, 1)

where 1) satisfies
t
m 20D (4.4)
s+it—0 s+ 1t

Using the fact that « and v satisfy the Cauchy-Riemann equations it is easy to see that

fz+s+it) — f(z) o(s,t) +i(x,t)
s+ it s+ it

= ux(2) +ivg(2) +

In light of (4.3) and (4.4), f is differentiable and f’(z) = u,(z) + v, (z). Since u, and v, are continuous, f’
is continuous and f is analytic. O
Due to above two propositions, we see

Corollary 4.1.4. Two real-valued functions v and v are harmonic conjugates of each other on region U if
and only if f = u + ¢v is analytic on U.

Now we ask: if we have a harmonic function u, how to find its harmonic conjugate v? If v; and v are
two harmonic conjugates of v then i (v; —v2) = (u+ iv1) — (u +v2) is analytic on U and only takes on
purely imaginary values. It follows that two harmonic conjugates of a harmonic function differ by a constant
(exercise).

Theorem 4.1.5. Let U be a simply connected region. If uw : U — R is a harmonic function then u has a
harmonic conjugate.

Proof. Since u is a harmonic function, we have v € C?(U) and
Ozt + Oyyu = 0.
Thus, —0d,u and 0,u have continuous partial derivatives in U and
Oy (—0yu) = 0,(0zu).

From necessary and sufficient condition of exact equation (see ode note), we know that —d,udz + 9,udy is
the total derivative of some function v. In fact, it is given by

v(z,y) = /Oy Ug (z,t)dt — /01' uy(s,0)ds.

(See [2] p.43 Theorem 2.30). It can be checked that v and v satisfy C.R. eq. Simply-connectedness is used
for independence of path in integration. O

Corollary 4.1.6. If u : G — R is harmonic then w is infinitely differentiable.
Proof. Fix zy = xo + iy in U and let ¢ be chosen such that B (z; ) C U. Then u has a harmonic conjugate
v on B (z,d). Thatis, f = u + iv is analytic and hence infinitely differentiable on B (z¢, ). It now follows

that v is infinitely differentiable by our discussion right before definition 4.1.1. O

In fact, we can show that the converse of the theorem is also true. Therefore, the existence of a harmonic
conjugate is another equivalent characterization of simply-connectedness apart from Theorem 2.3.8.
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Theorem 4.1.7. For a harmonic u we can find v s.t. f = u + v is analytic on region U iff the region U is
simply-connected

Proof. We only need to show = due to previous theorem. Due to Theorem 2.3.8, it suffices to show that for
any 0 # f € H(U) there is a function g € H(U) such that f(z) = e9(*).

Let u = Ref, v = Imf. If ¢ : U — R is defined by ¢(x,y) = log|f(z + iy)| = log [u(z,y)? —i—v(x,y)ﬂé
then a computation shows that ¢ is harmonic. Let ¢ be a harmonic function on U such that g = ¢ + ip
is analytic on U and let h(z) = expg(z). Then h is analytic, never vanishes, and H Ez; =1forall zin U.
That is, f/h is an analytic function whose range is not open. It follows that there is a constant ¢ such that
f(z) =ch(z) = c expg(z) = exp[g(z) + c¢1]. Thus, g(z) + ¢ is a branch of log f(z). O

4.2 Dirichlet Problem

Given some g € C(9D), consider the Dirichlet problem (Dir)

Au=0 inD

u=g on JD
we want to find u = u, € C?(D) N C(D) satisfying (Dir). We do it in a reverse way. Suppose u solves (Dir),
what does it look like? Two approaches will be presented to show that functions  satisfying (Dir) will be of
Poisson integral formula:

. I

(P): ulrei®) = / g€ (0 — t)dt 4.5)
s

—T

4.2.1 (Dir) — (P) by separation of variables.

We first present the polar representation of (Dir): let u(r, 8) := u(r cosd,rsin §). Then the boundary condi-
tion becomes

u(1,6) = u(cosf,sin ) = g(cos b, sin ) =: G(0).
The Laplacian is specified by the following proposition.
Proposition 4.2.1. In C the Laplacian in the polar coordinates (r,8) — (rcos,rsin®), r > 0, § € [—7, )

takes the form

1 1
Au = Up + ~ur + 3 U0, r>0,0¢[—mmn)

if u is nice enough. More carefully stated, we are claiming that u(r, ) := u(re*) = u(r cos 0, r sin §) satisfies

1 1
Upr(r,0) + ;Ur(r, 0) + r—QUgg(r, 0)

= Uyg (1 cos b, rsinb) + wuy, (rcosd, rsinb).
Proof. See Math5022 HW4 Q1 (the same solution is hide as comment in latex.) O

In (Dir), we seek u € C(D) and g € 9D. In polar coordinates, they become v € C([0,1] x [—m,n]) and
G € C[—m, 7], both 27-periodic on § € R.

We use method of separation of variables: look first for solutions to AU = 0 ot the special form  u(r,0) =
v(r)w(6). By continuity, we look for bounded v, w with w 27-periodic. Substituting this form into the polar
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'U,/() )w(a) + 7'[}/(1 )U/(Q) + iv(? )’LU”(Q) — 0
T

2
r
20" (r) + o' (r) w’ (6)
v(r) - w(0)
independent of 6 independent of r

So both sides need to equal some common constant A:

r20" (r) + v’ (r) w’ (0)
- _ =\
v(r) w(0)
r20"(r) + rv’(r) — M(r) =0,
w”(0) + Mw(f) = 0.
We analyze first for which A € R the problem w” = —\w has solutions. Here we use some basic results from
the theory of ODEs without proofs.
M Ar<o:
Solution would take the form w(#) = Cye¥ = + Cye~ V=, The only possible 27-periodic solution is w = 0.
2)A=0:

Then w(f) = Cy + Co6. 2w-periodicity demands C> = 0 and we get the solution w(f) = K. However, for
A = 0, the corresponding ODE for v is
20" (r) + rv'(r) = 0.
This ODE is an example of Euler’s equation. Notice that one solution is a constant function. Another is Inr,
since )
r2~(—r_2)+7°-;:—1+1:0.

Thus, the general solution is v(r) = Cy Inr + Cs. For this to stay bounded, we need Cy = 0. Thus, A = 0
gives u(r,6) = C.

B3)A>o0:
Now w(f) = Cleiﬁ" + Cge_iﬁg. For this to be 2r-periodic, we need v/ to be an integer, i.e., VX = m,
m=1,2,---. Thatis, A\ = m?, m =1,2---. We get corresponding solutions

wm () = Cre™™O 4 Che™imY,

For A\ = m?, the corresponding problem for v is 72v”(r) + rv’(r) — m?v(r) = 0. Again, this is an Euler’s
equation. By noticing that r*™ are solutions, we have

v(r)=cr™ +er™™
For this to be bounded, we need c; = 0. Thus, we have the solution
Uy (7,0) = 7 (1™ + cye ™),

Previously, we fouond the constant solution. Of course, these do not have U as the boundary value. But the
following superposition of the solutions could

u(r,0) := Z apr!™le™?
meZ
Now, for this to satisfy u(1,8) = G(6), it must be the case that a,, satisfy

GO) = ame™.

mEZ
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Integration on both sides gives

1 —zmt i(k:—m)@ _
o | dt = Zak—/ dé = a,,.

k€EZ

=0k, m

(the Fourier coefficients of Fourier series). Mere continuity of U is insufficient for a Fourier series represen-

tation
0) _ Z ameim6’7 Uy = — / 7zmt

while C! would suffice. We don’t worry about this subtlety: all we want at this point is to arrive at some
formula how u should look like if everything is nice, and then later prove this formula actually solves (Dir)
even for just a continuous U. We now simplify

— § amr\m\elme

meZ
1 " —imt Im/| _im6
:Z — G(t)e de ) r'™e
2 J_,
meZ
1 1 " —int Im/| im6
—A}gnoo Z (27T » G(t)e dt> rimle
|m \ N
= 1 - || 1,m(9 t)
Ngnoo 2w Z " dt
Im|<N

The finite sum inside the integral is bounded by

oo

Z r|m\eim(9—t) < Z T|m| < 00

Im|<N m=—o00

where the latter is a geometric series with » < 1. We can interchange the limit and the integral (follows
Dominated Convergence Theorem). Thus,

1 g . 1 g
u(r, 0) = %/ G(t) Yo rimlem@ar = — [ GP.(0 -,

mEZ -

where P, (0) := 3", ., r™lei™? is the Poisson kernel, 0 < r < 1,60 € R. Now we have arrived at the Poisson
integral formula:
Ug (re“g) =u (re’e) = u(r, )

1

=9 | G() (6 — t)dt. 4.6)
_ 1 " it _
=5 g (e") P.(6 — t)dt.

4.2.2 (Dir) — (P) by mean value property

We introduce the second approach to show solution of (Dir) is of the form (P). Let u(z) solve (Dir), then u(z)
has the mean value property

u(0) = %/_ g (e') as. (4.7)
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Let zy = re'® be a point in D. Then there is a similar representation formula for u (zq), obtained by changing
variables through a Mobius transformation. Let 7(z) = (z — 29) / (1 — Zgz). The unit circle 9D is invariant
under 7, and we may write 7 (¢'’) = ¢*¢. From

d 0y _ dete®) . wd@ i de
@T(e =3~y = i7( )@,

we see that

%:MZET@M)'LBWEOZE e — 2, . 1— ez
de i’r(eie) do i(eie _ ZO) do i(ew — ZO)

ie?? —ie?¥ g + €292y —ie?|z)? 1 —iez

1-— Zoeie

(1—efz)? i(e? — zp)
- et (1 — |z0]?) 1 — ez
e (e — 2)(1 —ef%) i(e?? — 2)
1— |Z()‘2 1— 7"2
= = = P, ().

e — 22 1 —2rcos(6p — 0) + 12

This function P.,(#) is called the Poisson kernel for the point zy € D. Since u (77!(z)) is another function
continuous on D and harmonic on I, the function v o 7! solves (Dir) with h := « o 7~! on dD. The change
of variables yields

w(eo)=u(r0) L2 = [ ne)do= o [ ut) (%) d
27T —r e .
LT (e u=gonop 1 [T
=5 _ﬂu(e ) Py (0)d) ——— o /_,Tg(e )P, (0)deé.

This is the same as the Poisson integral formula (4.6).

Remark 4.2.2. If we are given any u that is harmonic on D and continuous on D (notice that harmonic on
D implies continuity on D), the formula

u(re®) 1 /Tf u(e®)P.(6 — t)dt

:% »

holds for any » < 1 and should make no confusion with Proposition 4.2.5. Poisson integral formula is
obtained when assuming « is harmonic on D and continuous on 0D, i.e., solves (Dir),,. If this is the case, we
have the Poisson integral formula and Proposition 4.2.5 reads as

lim wu(re?) = u(e®).
r—1-

The Poisson integral formula should be understood in the way that the values of a function harmonic on D
continuous on JdD inside the unit disk is determined by its values on the unit circle.

4.2.3 Poisson Expression —> (Dir)
Several properties of the Poisson kernel are given first.

Proposition 4.2.3 (Properties of Poisson kernel). Let r € [0,1). Then
D

P.(0) = Lo >0
T sin? 0+ (cosf —r)2 T
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2
i T

| P6)ds=1.

—T

(3)
lim P.(ydt=0 Vs e (0,7).

=17 Js<|t|<n
Remark 4.2.4. Due to (2) and (3) and the fact that P.(6) is positive, Poisson kernel is a good kernel.

proof of the proposition.

N N N
Z r|m\eim9 =1+ Z Tmeime + Z rme—imQ
m=—N m=1 m=1
N N N+l — _ —N+1
_ i0\m 720 W —w w—uw i
_1—1—;(7’6) —|—mz::l 1+ T + o w=Te
By letting N — oo, we have
P.(6) =1+ d —1—%, since0 <r<1
l—-w 1—-w
1—w 71 _ _9 2 0 —1i0
:1+w( W+ ( 7w)):1+ r—ifr(e —.l—e )
(1-w)(l-w) 1—r(e? +e~i0) 4 y2
—2r2 4+ 2rcos @ 1472

1—2rcosf@+1r2 1—2rcosf+r2
This proves (1).

To show (2), we note that the convergence for the series fy(0) = fo:_ N rlmleimé is absolute and uniform
(observe that | fy| < Z%:_ n [rImletmé| = Zﬁ:_ ~ 7™ which is a convergent geometric series since 0 < 7 <
1. Then Weierstrass M-test concludes the absolute and uniform convergence). Uniform convergence ensures

the termwize integrations of f converge to the integration of the limit function of the series. Namely,

1 (7 1 L 1
_ |m| im6 _ |m| imo _ _
o 4P(9)d9 5 Jim_ Z [ﬂr emdy = ﬂngréc Z r [ﬂe do 52 =1.
m=-= —_——
=0, m=#0
=27, m=0

To show (3), we note that
1—2rcosf47r%=(1—7r)%+2r(1 —cosb).
Thus, if 1 <r <1and § < || < m, then
1—2rcosf4+1r*>cs >0 = 0< Po(0) < (1—1%)/cs

Therefore,

. . 1—7?
0 < lim P.(t)dt < lim dt =0,
<|t|<m

r—1- r—1— 5<|t|<m Cs

which proves (3). L]
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Proposition 4.2.5. The boundary value g is obtained in the sense that
1 (7 , 4
lim —/ g (e") Pr(0 — t)dt = g(e?), —m<h<m.

In fact, one can show the convergence is uniform.
Proof. See Math5022 HW4 Q3 and the remark following the solution.

We define the Poisson expression associated with g € C'(0D) as the function

(P): u(re?) = uy(re’?) = % /Tr g(e")P,(6 — t)dt, 0<r<1

—T

(4.8)

It is natural to ask the following question: if we directly define v as in (P) by the given g € C'(9D) can we
get Au = 0? The answer is yes by realizing it as the real part of an analytic function, as we shall see. One

step further, our final goal in this subsection is to show the function

. ug(z), zeD
g(z), z€0D

solves (Dir) uniquely.

Note that P,.(6 — t) in (P) can be written as

P(0—1t)

by noting that

let — 22 = (" —2) (e —2) =1—Ze" —ze7 " + 2|2 =1 — ze~ i — 27" 4 |2]* = 1 — 2Re(ze

So P,(f — t) can be also regarded as a function of z = re® € D and ¢ € OD. Then

Indeed,

R <eit+z> 1 (eit+2 eitJrz) 11—eMz+ 27 — |22 + 1 + €tz — ze7 — |2]?
o _z _

2 \eit —2 et %

et — z

Suppose g € C(0D) is real-valued. Then

1-— 2 2=ret? 1-— 2
_ T emweten 1o (4.9)
1—2rcos(@—t)+r2 etcon et — 2|
RRRCh
; 1—z2 et + 2
Pl —t)=P(zet) =~ _Re(E
( ) (z¢") leit — 2| et —2
1|2
9 leit — 22 = et — 22
(4.10)

u(2) = u (rei®) = Re (;ﬁ | ot ot idt) ,

it
—r €

where the function inside Re(:) is analytic in z € D by Lemma 3.7.12. So Au = 0 as the real part of an

analytic function is always harmonic.
Note: Of course,  is then still harmonic even if g is C-valued.

Theorem 4.2.6. Let g € C(9D). Then

ug(z) =u(z) =u (rew) : ! /7T g (") P.(0 —t)dt

:E -

is the real part of a function f € H(D) given by (4.10) and is thus harmonic in D. Besides, u, = g on 0D in

the sense that

. 0\ _ i0
Tl;r{lﬁu(re )—g(e )
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Remark 4.2.7. The function

s ug(2), z€D
g9(z), z€0D

is continuous on I, harmonic on . We show the continuity now.

Proof. Define operator H as
; ug(re?), 0<r<1
Hg)(re®®)y=2¢"9" "~ 7 7=
(Hg)(re') {gw), =
Our task is to show Hg € C(D). Notice, for 0 < r < 1,
|(Hg) (re)| =ug (re”)]
Pzo1 " it
< 5 . lg ()| Pr(6 — t)dt

T

1
S”Q”LOO(@JDJ)% P.(6 —t)dt
1 0+m
:||9||Lm(am)§/0 P.(u)du

1 T
:||9||Lo<>(am)§/_7r P, (u)du
=||9||L°°(am>)
Thus
||H9||Loo(ﬁ) = ||gll = (om)-

It is known by Fourier analysis that every continuous function on 9D is a uniform limit of trigonometric
polynomials:
. . k—oo
Elgk(ele) = Z cn’keme s.t. |lgr — gl @my — O.
[n| <N,

But it is obvious that Hg;, € C (D), since

. 1 T ‘
Ugy, (rw) — o ) T (ezt) P60 — t)dt
1 ™ ‘ ‘
“or . Z Cn,kemt Z lml gim(0—1) 34
[n| <N, meZ

% S plging . L7 pitnmm)

m| in6 et
= Cn,k T e . 7/ e dt

n=—Ny n=—oo 2 J_,

=0n,m

Ng
— § Cn’k,r,\n|ezn0
—— N,

Ni N cmkr‘”'eme, 0<r<1. But

n=—

meaning that Hgy(re’?) =3
g — Hoell s, = 1H (9~ 96) sy = 19— gill 5 — 0
so Hg € C(D) as a uniform limit of Hg, € C(D). O
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We have showed that

Hg— {ug onD
g ondD

is a solution to (Dir). Let’s show the uniqueness.

proof of uniqueness. Suppose we have two functions solving (Dir). Then their difference is still harmonic
and thus on 9D their difference is zero. So the uniqueness problem can be alternatively formulated by the
following:

Suppose h € C(D) is real-valued and

Ah=0 onD
h=0 on 0D

We show that this implies h = 0. Suppose h(z) > 0 for some z; € D. Fix ¢ € (0,h(2)). Then define
g(2) := h(z) +¢|z|>,z € D. Then g € C(D), g(20) > h(z) > € and g(z) = ¢ on JD. This implies
maxg |g| must be obtained at some z; € D. But a local maximum at an interior point, essentially by the
elementary second derivative test implies, second derivatives at this point < 0; in particular Ag (z;) < 0. But
Ag(z) = Ah(z) + 4e = 4e in D. Then Ag (z1) = 4¢ > 0. Contradiction.

Thus, such z; cannot exist and 4 < 0. Similarly, » > 0, so h = 0. O

Theorem 4.2.8. Given g € C(9D), 3'u € C(D) such that Au =0 on D and u = g on ID.

We can extend the theorem to arbitrarily disks. If R > 0 then substituting »/R for r in the middle of (4.9)
gives
R2 _ 7,2

11
R?2 —2rRcosf + r? 4.11)
for 0 <r < R and all . So if u is continuous on B(a; R) and harmonic in B(a, R) then
, 1 (7 R? — 72 ;
0 - 1t 12
u(a—&—re ) 27r/_ﬁ{R22chos(9t)+r2 u(a+Re )dt (4.12)

Now (4.11) can also be written

R? — 2
|R77"ei9\2
and R —r < |Re" — re?| < R + r. Therefore
R—r R2 — 2 R+r

< < .
R+r = R?—2rRcos(0 —t)+712 ~ R—r

If w > 0 then equation (4.12) yields the following.

Theorem 4.2.9 (Harnack’s Inequality). If u : B(a; R) — R is continuous, harmonic in B(a, R), and u > 0
then for 0 < r < R and all #

g;:u(a) §u(a+rei9) < gi—:

u(a)

Remark 4.2.10. With conformal mappings, we can also explicitly solve in half-planes and strips. We skip
calculatioins for now. For more on this, see elliptic pde theory, and subharmonic functions and Perron’s
method in [2].
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Let u : U — R be a harmonic function on an open set U C C. Then we can choose a ball B so that B C U.
Since u is harmonic, clearly v € C(9B), and thus we can consider the problem

Av=0 onB
v=1u on 0B

From Theorem 4.2.6, we know solution v is given inside of B by the Poisson expression and is the real part
of a function fg € H(B). By uniquness,
u=uv=Re(fp).

Since the ball is arbitrary, « is locally the real part of an analytic function. In particular, u € C*(U).

4.3 More Properties of Harmonic Functions

Another thing that follows from the Poisson integral is

Theorem 4.3.1 (Harnack’s theorem). Let U be a region.

(a) The metric space Har(U) is complete.

(b) If {u,} is a sequence in Har(U) such that u; < us < ... then either u,(2) — oo uniformly on compact
subsets of U or {u,} converges in Har(U) to a harmonic function, where Har(U) is the space of harmonic
functions on U, inheriting the metric from C(U, R).

Proof.

(a) We notice that to show a subspace of a complete metric space is complete, it suffices to show it is closed
(every Cauchy sequence in that subspace already converges to some limit point in the complete metric
space, but now closedness makes that limit lies inside the subspace). Therefore, we let {u,} be a sequence
in Har(U) such that u,, — u for some u € C(U, R). By Proposition 3.4.5 (b), we see u,, — u uniformly on all
compact subsets of U.

Fix aball B = B(a, R) such that B C U. Write, using what we derive just before proving Harnack’s inequality,

; 1 (" R? — 72 -
6 it
. . nla+ R dt, whenr < R.
un(a+re’) 2m /,7r r2 —2Rrcos(6 —t) + r? \_.u (a ,_/e ) "

— u(a + Re') uni-

formly in ¢t € [—m, 7]
Thus, for r < R, letting n — oo gives

1

@rre®y = oo [ ResCE (a+ Re'")dt
re'’) = — :
wamre 27 r2 — 2Rrcos( — t) + r? Hnld ¢

—T
But this implies u is harmonic: if u is R-valued, it is the real part of an analytic function in B and is thus
harmonic.

(b) The proof is not central to the course, but for completeness, we copy it from [2].

We may assume that u; > 0 (if not, consider {w,, — u;} ). Let u(z) = sup {u,(z) : n > 1} for each z in U. So
for each z in U one of two possibilities occurs: u(z) = oo or u(z) € R and uy,(z) — u(z). Define
A={z€U:u(z) =00}
B={zcU:u(z) < oo}
then U = AU B and AN B = @. We will show that both A and B are open. If a € U, let R be chosen such
that B(a, R) C U. By Harnack’s inequality
R—|z—dq]

R+ |z —aq|
_— 1
Rtz —d Un(a) (4.13)

Up(a) <up(z) < m n
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for all z in B(a,R) and all n > 1. If a € A then u,(a) — oo so that the left half of (4.13) gives that
un(z) = oo for all z in B(a, R). That is, B(a, R) C A and so A is open. In a similar fashion, if « € B then
the right half of (4.13) gives that u(z) < oo for |z — a| < R. That is B is open.

Since U is connected, either A = U or B = U. Suppose A = U; that is u = co. Again if B(a, R) C U and
0<p<Rthen M = (R —p)(R+ p)~! > 0and (4.13) gives that Mu,(a) < u,(z) for |z — a] < p. Hence
un(2) — oo uniformly for z in B(a; p). In other words, we have shown that for each a in U thereisa p > 0
such that u,(z) — oo uniformly for |z — a|] < p. From this it is easy to deduce that u,(z) — oo uniformly for
z in any compact set.

Now suppose B = U, or that u(z) < oo for all z in U. If p < R, then for m < n Harnack’s Inequality applied
to the positive harmonic function w,, — u,, implies there is a constant C' depending only on p and R such that

0< 'UJn(Z) - Um(z) <C [un(a) - um(a)]

for |z — a| < p. Thus, {u,(2)} is a uniformly Cauchy sequence on B(a; p). It follows that {u,,} is a Cauchy
sequence in Har(G) and so, by part (a), must converge to a harmonic function. Since w,,(z) — u(z), v is this
harmonic function. O

We have seen that harmonic function v : U — R on region U is infinitely differentiable, a propoerty shared
with analytic functions as well. The next result is the analogue of the Cauchy integral formula.

Theorem 4.3.2 (Mean Value Property of harmonic function). If u : U — R is a harmonic function and

B(a,r) is a closed disk contained in U, then

s

u(a) = %/ u(a + re'?)deh.

—T

Proof. Let D be a disk such that B(a,r) C D C U and let f be an analytic function on D such that u = Re f.
[10] Corollary 8.18 (mean value property of analytic function) states that

L[ i0
f(a):%/_wf(a—ﬁ—re ) df.
By taking the real part of each side of this equation we complete the proof. O

In order to study this property of harmonic functions we isolate it.

Definition 4.3.3. A continuous function u : G — R has the Mean Value Property (MVP) if Vz € U, 3r,, > 0,
rn =3 0 such that

u(2) ! /7r u(z + rneie) de.

:g -

Remark 4.3.4. We note that this is weaker than the definition given in [2], where the above averaging
effect holds for every circles inside U. Our definition assumes for each z € U, there is some sequence of
circles B(z,r,) where the averaging effect holds. Showing the converse of theorem 4.3.2 only needs our
weaker definition. [2] uses the stronger one to prove it in theorem 2.11, while isolating parts of the proof as
maximum principle for harmonic function.

Theorem 4.3.5 (MVP implies harmonicity). If a continuous function v has MVP in U, then u is harmonic in
U.

Proof. WLOG, we assume u is real-valued. Fix B = B(a, R) with B C U. Since u € C(9B), we let h € C(U)
be the unique solution to the Dirichlet problem

Ah=0, onB
h =u, ondB "
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Let v = u — h. We will show that v = 0 in B, which ends the proof due to uniqueness of solution of (Dir).
Since h is harmonic, it by theorem 4.3.2 has MVP. Thus, u has MVP by assumption and v has MVP by linearity
of integral. Also, v = 0 on 0B.

By compactness we let i := max{v(z) : z € B}. Aiming for a contradiction, we assume n > 0. Notice that
v is uniformly continuous on B, and so 3§ > 0 such that |v(w;) — v(wz2)| < m/2 whenever wy,wz € B with
|w; —wa| < 4. It follows that if w € OB and z € B such that |z—w| < §, we have |v(z)| = |v(z)—v(w) | < m/2.
~—~—~
=0
This means the set E := {z € B : v(z) = m} = v~1(m) stays a positive distance away from 9B. Define
f :=dist(-,0B) : E — R, which is continuous on compact set E = v~ '(m) and thus attains its minimum

——
closed,bounded
at some zg € E, i.e., dist(E,dB) = dist(zg, 0B).

E does not
touch this
red region

By definition of MVP, we let r be a small radius such that B(zy,7) C B and the averaging formula holds for
this r:

1

11(2):§/7T v(zo + ret)dt

—/ v(20) — v(z0 + €’ ))d 0.

m—uv(zo+reit)>

By continuity we must have that the non-negative function ¢ ~— v(z) — v(zo + 7€®) is in fact zero for
Vt € [—m, w]. But we arranged so that even at least half of dB(z¢, ) does not intersect F, and so v(zo+re'’) <
m = v(zp) for some (in fact, many) ¢. Contradiction.

Therefore, we must have m < 0, i.e., v < 0 in B. The same argument applies to —wv, resulting in —v < 0 in
B. Thus, v = 0 in B. O
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Chapter 5

Analytic Continuation and Riemann
Surfaces

Consider the following problem. Let f be an analytic function on a region GG; when can f be extended to an
analytic function f; on an open set G; which properly contains G ? If G; is obtained by adjoining to G a
disjoint open set so that G becomes a component of GG1, f can be extended to G; by defining it in any way
we wish on G; — G so long as the result is analytic. So to eliminate such trivial cases it is required that G,
also be a region.

The first time we see the analytic continuation is from [10] 8.16, as a corollary of Morera’s theorem:

Proposition 5.0.1 (Analytic continuation to a point). Let U C C be open, and let wy € U. Assume that
f: U — C is continuous, and analytic in U\ {zy}. Then f is analytic in U.

We will see more general techniques in this chapter.

5.1 Reflection Principles
We will study another way to extend analyticity: the Schwarz reflection principle. The proof consists of two
parts. First we define the extension, and then check that the resulting function is still holomorphic. We begin

with this second point.

Let €2 be an open subset of C that is symmetric with respect to the real line, that is
z€Q ifandonlyif ze€ Q.

Let QT denote the part of  that lies in the upper half-plane and Q~ that part that lies in the lower half-plane.
Also, let I = Q N R so that I denotes the interior of that part of the boundary of Q*and Q~that lies on the
real axis. Then we have

QtuUITUO =0
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and the only interesting case occurs, of course, when [ is non-empty.
Theorem 5.1.1. Let u be harmonic in Q% with lim,,_, . u(z,) = 0 for all sequences {z,} in QT converging
to a point of I. Then the extended function
u(2) if e QF
u(z)=1<0 ifzel
—u(z) fzeQ~

is harmonic in Q.

Proof.  is continuous by pasting lemma. We then observe that @ is harmonic on Q and Q~. For (z,y) € O,
we have (Au)(z, —y) = 0 and thus

A—u(z, —y)) = =Alu(z, =) = = (usa (@, —y) + (= (—uyy(z, —y)))) = —(Au)(z, —y) = 0.

By theorem 4.3.2, we see @ is harmonic on Q1 U Q™ and thus has MVP. We note that 4 may not be able to
be twice continuously differetiable on I even if the laplace equation is formally satisfied.

MVP also holds in points ¢ € T as u(z) = —u(2) = u(t + re’?) = —u(t + re’(=9) guarantees the integral of u
over small circles centered at ¢ vanish. To be more precise,

T T - 0
/ u(t+re?)dd = — / Ut +ret=9)do = / u(t +ret)du = — / u(t + re')du.
0 0 0 —r
(Note that u is zero on I but we don’t even need this as I N dB(t,r) has measure zero.) Then we invoke

theorem 4.3.5 to conclude that @ is harmonic. O

Theorem 5.1.2 (Symmetry principle). If fTand f~are holomorphic functions in Q*and Q~respectively, that
extend continuously to I and
ffx)=f(z) forallzel,

then the function f defined on Q2 by

I1(z) ifzeQf
[ =) =f"(2) ifzel
() ifze Q"

is holomorphic on all of (2.
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Proof. One notes first that f is continuous throughout €2 due to pasting lemma. The only difficulty is to prove
that f is holomorphic at points of I. Suppose D is a disc centered at a point on / and entirely contained in
Q. We prove that f is holomorphic in D by Morera’s theorem. Suppose T is a triangle in D (for a triangle
we mean both the boundary and its interior). If 7' does not intersect I, then

f(z)dz=0
aT

since f is holomorphic in the upper and lower half-discs.

(a)

(b)

Figure 5.1: (a) Raising a vertex; (b) splitting a triangle

Suppose now that one side or vertex of T is contained in I, and the rest of T is in, say, the upper half-disc. If
T, is the triangle obtained from T by slightly raising the edge or vertex which lies on I, we have |, or. =0
since 7. is entirely contained in the upper half-disc (an illustration of the case when an edge lies on [ is
given in Figure 5.1 (a)). Intuitively, we then let ¢ — 0, and by continuity we conclude that

f(z)dz =0.

aT
A complete argument of showing [, fdz = 0 where T touches I is shown below.
Since f is continuous on Q7 U I, f is uniformly continuous on 7. So if € > 0 there is a § > 0 such that when
zand 2’ € T and |z — 2/| < § then |f(z) — f (2’)| < e. We label the vertices of T as a, b, ¢ as in Figure 5.1.
Now choose « and S on the line segments [c, a] and [b, ¢] respectively, so that |a — a| < § and |5 — b| < §. Let

T) be the triangle bounded by 07 = [«, 8, ¢, @] and @ be the trapezoid bounded by 0Q = [a, b, §, @, a]. Then
Jor I'= Jor, f+ [50 f>but Th is contained in Q* and f is analytic there; hence

fdz = fdz. (5.1)
aT 2Q
If 0 <t <1then
[tB+ (1 —t)a] = [tb+ (1 —t)a]| < I
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so that

Figure 5.2: Triangle T’

|F(tB+ (1 —t)a) — f(tb+ (1 — t)a)| < e.

If M = max{|f(z)|: z € T} and ¢ = the perimeter of T then

Also

and

|/[a’b]f+/[’a}f|=‘(b—a)/olf(tb+(1—t)a)dt—(ﬁ_a)/olf(t5+(1_t)a)dt‘

< |b—aq|

/0 [F(th+ (1— t)a) — F(E6+ (1 t)a)]dt‘

+1(b—a)—(B—a)] ’/Olf(tﬁ+ (1 —t)a)dt‘

<elb—al+ M|(b-B)+ (a—a)|
<el+4+2M)

J..
L

< Mla—al <M

< M6

Combining these last two inequalities with (5.1) gives that

/ f‘ < el +4M6
oT

Since it is possible to choose § < ¢ and since ¢ is arbitrary, it follows that [, f = 0.

If the interior of T intersects I, we can reduce the situation to the previous one by writing 7" as the union
of triangles each of which has an edge or vertex on I as shown in Figure 5.1(b). By Morera’s theorem we
conclude that f is holomorphic in D, as was to be shown. O
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Theorem 5.1.3 (Schwarz reflection principle; version I). Suppose that f is a holomorphic function in Q*that
extends continuously to I and such that f is real-valued on I. Then

Jfz) ifzeQfulr
F(Z)_{f(z) if 2 € Q-

is analytic on €.

Proof. To prove that F is holomorphic in Q2~we note that if z, 29 € Q7, then z,%z; € Q*and hence, the power
series expansion of f near z gives

FE) = an(z-m)".

As a consequence we see that

F(z) =Y (= — )"

and F' is holomorphic in {2~. Since f is real valued on I we have f(z) = f(z) whenever « € I and hence F
extends continuously up to I. The proof is complete once we invoke the symmetry principle. O

There is a weaker version of this, where f = u + iv € H(Q") and we only assume v(z,) — 0 whenever
zn, € Q7 is a sequence coverging to a point on I without assuming continuity of v = Re(f) on I. This form is
harder to prove: we do not right away even know how to assign real values to f on /. We will need harmonic
function theory.

Theorem 5.1.4 (Schwarz reflection principle; version II). Suppose f = u + v € H(Q1) with lim, 0 v(2,)
for all {z,,} € Q" converging to a point in . Then there exists F' € H () such that F(z) = f(z) in Q" and
F(z)=F(z) Vz € Q.

Proof. Extend v into a harmonic function in 2 by theorem 5.1.1 snd still denote it by v, so v(z) = 0for z € I
and v(z) = —v(z) for z € Q.

For each ¢ € I consider a ball B, that is centered at ¢ and satisfies B, N Ht C QF, B, C . As v is harmonic
and thus locally real part of an analytic function, then there is g; € H(B;) such that g, = v; + iu; for some
us and v = v; on By. Define f; = igr = —u; + iv;. Then f; € H(B;) by [10] 4.39 and 4.47. Then v = Im(f;).
Notice that if there is some other f;, € H(B,) for which v = Im(f;), then Im(f, — f;) = 0 implies that
fi — ft = ¢ € R due to [10] Corollary 4.50. Thus, f; is uniquely determined up to a real additive constant.

We shall strategically choose this constant. Fix zp € B, N H* C Qt. Then Im(f:(z0)) = vt(20) = v(20) =
Im(f(20)) and we adjust f; with a real constant such that Re(f:(z0)) = Re(f(20)), i-e., fi(z0) = f(20). This
is zg-specific. However, Im(f — f;) = 0 in the region B; N H™ implies that f — f; is a real constant in
B;N H* by above argument again. This constant must be zero as f(zo) — f(z0) = 0. Therefore, this actaully
guarantees f;(z) = f(z) for every 2 € By N HT. In what follows, we assume f; is adjusted by the procedure
just mentioned.

Now, f; gives a natural way to define our extension on B, as long as we have f;(z) = fs(z) for z € B, N B,
for t,s € I. We show it now: Define function f; — f, on B, N B, (assumed to be nonempty). Then it have
zeros on the whole B, N B, N HT because f; = f = f, Yz € B, N B; N HT. Then connectedness of B; N B,
plus theorem 2.1.1 show that f; — fs =0 on B; N Bs.

We claim that f;(z) = fi(2) for z € B;. Indeed, write
fi(z) = ch(z —1)", z€ By,
n=0
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where ¢, = f{")(t)/n!. We know £{™ (t) € R, since Im(f,) = 0 on I N B;. For instance,

f(0) — 1 (1)

/ _ .
1) = 9»1%161 ot © R.
Thus ¢, € R, and so
fi(2) = Z en(Z—1)" = ch(z —t)" = f(z), =z€ By.
n=0 n=0

We are now ready to define our extension F' via

flz) ifzeQt
F(z) =1 fi(z) ifze€ B

&) ifzeQ

This is now a well-defined extension of f with the property that F'(zZ) = F(z). We also know that F' € H(Q)
by the same proof of F' € H(27) in verison I of Schwarz reflection principle. O

5.2 Riemann Surfaces

We will use [3] and Chapter IX of [2] as the main reference for Riemann surfaces.

5.3 Coverings
5.4 Uniformization Theorem

5.5 Sheaves

5.6 Analytic Continuation along a Path
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Chapter 6

Entire Functions

In this chapter, we will study functions that are holomorphic in the whole complex plane; these are called
entire functions. Our presentation will be organized around the following three questions:

1. What is the range of entire functions? We will do a review of Liouvelle’s theorem and talk about even
stronger results. For more on the range of analytic functions, see [2] Chapter XII.

2. Where can such functions vanish? We shall see that the obvious necessary condition is also sufficient: if
{z,} is any sequence of complex numbers having no limit point in C, then there exists an entire function
vanishing exactly at the points of this sequence. The construction of the desired function is inspired by Euler’s
product formula for sin 7z (the prototypical case when {z,} is Z ), but requires an additional refinement:
the Weierstrass canonical factors.

3. How do these functions grow at infinity? Here, matters are controlled by an important principle: the
larger a function is, the more zeros it can have. This principle already manifests itself in the simple case of
polynomials. By the fundamental theorem of algebra, the number of zeros of a polynomial P of degree d is
precisely d, which is also the exponent in the order of (polynomial) growth of P, namely sup,,_p |P(2)| ~ R?
as R — oo. A precise version of this general principle is contained in Jensen’s formula. This formula, central
to much of the theory developed in this chapter, exhibits a deep connection between the number of zeros of
a function in a disc and the (logarithmic) average of the function over the circle.

4. To what extent are these functions determined by their zeros? It turns out that if an entire function has
a finite (exponential) order of growth, then it can be specified by its zeros up to multiplication by a simple
factor. The precise version of this assertion is the Hadamard factorization theorem.

Before we start, here is a table of pronunciations of some symbols we may encounter.

« sinh - Sinch (smtf) (Others say "shine" (famn) according to Olivier Bégassat et al.)
« cosh - Kosh (ko[ or ko)
« tanh - Tanch (tentf) (Others say "tsan" (tseen) or "tank" (temnk) according to André Nicolas)

« coth - Koth (ko) according to J. M.

csch - Kisch (kif) according to J. M.
« sech - Seech (si:tf)

Figure 6.1: Provided by Argon.
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6.1 More on Liouvelle’s Theorem

Liouville’s theorem states that a bounded entire function is constant.
Before showing this we mention some preliminary results.

* [10] Corollary 4.49. Assume that U C R? is open and connected, and f : U — C is an analytic
function such that f/(z) = 0 for all z € U. Then f is constant on U.

e [10] Corollary 4.50. Let U C C be open and connected, and assume that f : U — C is analytic.
Assume that one of the following three functions is constant on U :

u=Ref, v=Imf, or |[f]

Then f is constant on U. The same conclusion is also true if f : U — C\{0}, and Arg(f) is constant on
U.

Now we recall [10] Theorem 8.5.

Theorem 6.1.1 (Cauchy’s integral formula for derivatives). Let U C C be a convex open set, and let f : U —
C be analytic. Let v : [a,b] — U be a closed piecewise C''-path. Then,

1) ) = g [ At se vz 0
vy

By which we obtain [10] Corollary 8.8.
Corollary 6.1.2 (Cauchy’s estimates). Let D = D(z,r) C C be a disc, and let f : D — C be analytic. Then,

nl-r | fllze@p)

= Tw=2)’ w € D,n > 0.

™) <

In particular,

S (2)| < nl|| fllL=(opy/r™ by letting w = z. Note that || f[| . p) = sup{|f(2)| : z € dD}.
[10] uses this to show Liouville’s theorem (Corollary 8.10).

Corollary 6.1.3. Let f : C — C be analytic and bounded. Then f is constant.
Proof. Fix z € C, and apply Cauchy’s estimates in a disc D(z,r) C C:

|f/(2)| < Hf”L‘”(C)

r

, r>0.

Letting » — oo (as f’s domain is C) shows that f'(z) = 0, and therefore f’ = 0. Since C is connected, f is
constant by [10] Corollary 4.49. O

Remark 6.1.4. Geometrically, Liouville’s theorem is saying that the values of a non-constant entire function
cannot be entirely contained within a single circle. In fact, the values of a non-constant entire function
cannot be entirely contained outside a single circle either.

Liouville’s theorem is deep and surprising, but an even stronger result is true: if f : C — C is analytic, then
either f is constant, or then f takes all the values in C, except for possibly one. In other words, if an entire
function omits two values, then it is constant. This result is known as Picard’s little theorem. The example
f(z) = e® shows that Picard’s theorem is sharp, since e* # 0 for all z € C. There is also Picard’s great
theorem: if a holomorphic function f on open set U = B’(a,r) has an essential singularity at a, then for any
0 < s <rwehave {f(z):0< |z —a|] < s} contains all complex numbers except possibly one value.

It should be clear that the great theorem is a generalization of the little theorem, since an entire function
that is not a polynomial has an essential singularity at infinity. If f(z) is a non-constant polynomial and « is
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a complex number, then the equation f(z) = « has a solution by fundamental theorem of algebra. Since «
is arbitrary, f(z) can take all complex values.

We give another proof of the Liouvelle’s theorem.

second proof. Let a,b be any two points in C, and within a circle of sufficiently large radius R, we have

s =10 =5 [ (55 -5) 10

_a—1b f(z)dz
27 /Z:R (z—a)(z—0b)

Let the upper bound of f be M, we can estimate the above expression as

la —b|M |dz|
_ < =z 77 N o IR
o) - syl < B [
|z|=R
MR|a —b|

<
(R —lal)(R - [0])
As R — 4o, the above expression tends to zero, thus f is a constant function. O

Some more results are given.

Proposition 6.1.5. If f(z) is an entire function, and Re(f(z)) < M for some M, then f(z) is a constant.

Proof. This observation is trivial by Picard’s little theorem. Since we didn’t show that, we use Liouvelle’s
theorem instead. Let F'(z) = e/(*). Then

|F(z)] = e®°U2) <« M —  entire function F(z) is bounded

Liouvelle’s theorem then concludes. In the geometrical sense as Remark 6.1.4, values of the entire function
/(%) is encircled as the half-plane {z : Re(z) < M} is mapped to the disc D(0,e™) by the exponential
function. O

Proposition 6.1.6. Let f(z) be an entire function. Suppose

lim @

z—o0 2z

=0.
Then f(z) is a polynomial of at most degree n — 1.

Proof. By [10] Corollary 4.49, we only need to show Vz € C, f(")(z) = 0. Since

lim &

z—oo 2N

= O7
We know, Ve > 0, 3R > 0 such that
|z| > R = |f(2)| <elz|".

Fix zp € Cand let C : |z — 29| = r, C1 : |z| = R be contained inside C. Then |zy| < r and |[¢| > R for ( € C.
Thus,

IF(O] <el]™ <ellzof +7)"
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Cauchy’s estimates gives
' n
F(2)] € (2] +7)" = nle (1 i 'Z) < nl2re.
r r

Since € > 0 is arbitrary, f(")(z) = 0. Then note that the disk in theorem 1.3.9 can be chosen to be C and the
coefficients ¢, = f(™ /n! after n are all zero. O

Proposition 6.1.7. If the function f(z) is entire, and lim, | o, %f‘ﬂz)l < M, then f(z) is at most a
polynomial of degree n.

Proof. The Taylor series of f(z) atany a € Cis Y oo, ¢, (2 —a)™ where ¢, = f(")(a)/n!. Then choose a circle
B(a,r) and by Cauchy’s estimates,

o] = S (a) < Wllz~@B@r) _ maxj:—qo=r|f(2)]

" n! - rn rn

Letting a = 0 and r — oo to get |¢,| < M. Then |¢pyp| < lim, ”w”% =0 forany k = 1,2,---. This shows
f, which agrees with the series that vanishes after n-th term on the disk whose radius goes to 1nﬁnity, is at
most a polynomial of degree n on C. O

Exercise 6.1.8. If f(z) is entire and does not take values on a simple arc, then f(z) is constant. [Hint:
Riemann Mapping Theorem.]

6.2 Jensen’s Formula

In this section, we denote by D and Cg the open disc and circle of radius R centered at the origin. We shall
also, in the rest of this chapter, exclude the trivial case of the function that vanishes identically.

Theorem 6.2.1 (Jensen’s formula). Let £ be an open set that contains the closure of a disc Dy and suppose
that f is holomorphic in Q, f(0) # 0, and f vanishes nowhere on the circle Cg. If z;, ..., 2z denote the zeros
of f inside the disc (counted with multiplicities), then

27
log [ f(0 |*§1 ('Z’“|>+21/ log | f (Re')|db. (6.1)
0

Proof. The proof of the theorem consists of several steps.

Step 1. First, we observe that if f; and f, are two functions satisfying the hypotheses and the conclusion
of the theorem, then the product f; f> also satisfies the hypothesis of the theorem and formula (6.1). This
observation is a simple consequence of the fact that log zy = logz + logy whenever x and y are positive
numbers, and that the set of zeros of f; f5 is the union of the sets of zeros of f; and f5.

Step 2. The function
f(z)
(z=21) (2= 2n)
initially defined on ©Q — {z1,..., zn}, is bounded near each z;. Therefore each z; is a removable singularity,
and hence we can write

9(2) =

f(2)=(—2)(z2-2n5)9(2)
where g is holomorphic in 2 and nowhere vanishing in the closure of D in the sense that we can now define

g(z;)’s properly so that g is holomorphic. By Step 1, it suffices to prove Jensen’s formula for functions like g
that vanish nowhere, and for functions of the form z — z;.
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Step 3. We first prove (6.1) for a function g that vanishes nowhere in the closure of Dg. More precisely, we
must establish the following identity:

1 2 .
log |9(0)| = %/0 log |g (Rew)‘ do

In a slightly larger disc, we can write g(z) = ¢/(*) where h is holomorphic in that disc. This is possible since
discs are simply connected, and we can define h = log g (see Theorem 2.3.8 (e)). Now we observe that

h(z) _ Re(h(2))

leRe(h(z))Jri Im(h(z))

l9(2)| =

so that log |g(z)| = Re(h(z)). The taking real part of both sides of the MVP formula in [10] Corollary 8.18
immediately implies the desired formula for g.
Step 4. The last step is to prove the formula for functions of the form f(z) = z — w, where w € Dg. That is,

we must show that )
1 4 .
log |w| = log <|wR|) + %/0 log fRela — w’ do.

Since log(|w|/R) = log |w| — log R and log | Re"” — w| = log R + log |¢"’ — w/RY, it suffices to prove that

2m
/ log|e” —a|d§ =0, whenever |a| < 1.
0

This in turn is equivalent (after the change of variables 6 — —6 ) to

2m
/ log|1 —ae®|d§ =0, whenever |a| < 1.
0

To prove this, we use the function F'(z) = 1 — az, which vanishes nowhere in the closure of the unit disc.
As a consequence, there exists a holomorphic function G in a disc of radius greater than 1 such that F(z) =
e, Then |F| = eRe(@), and therefore log |F| = Re(G). Since F(0) = 1 we have log |F(0)| = 0, and an
application of the mean value property (again, by taking the real parts) to the harmonic function log |F'(z)]
concludes the proof of the theorem. O

From Jensen’s formula we can derive an identity linking the growth of a holomorphic function with its
number of zeros inside a disc. If f is a holomorphic function on the closure of a disc Dr, we denote by n(r)
(or ng(r) when it is necessary to keep track of the function in question) the number of zeros of f (counted
with their multiplicities) inside the disc D,, with 0 < » < R. A simple but useful observation is that n(r) is a
non-decreasing function of r.

We claim that if f(0) # 0, and f does not vanish on the circle C, then

R d’l“ 1 271' 10
/ am D = L [T 1og| 7 (RE?)|d6 — 1og |£(0). 6.2)
0

r 2T 0

This formula is immediate from Jensen’s equality and the next lemma.

Lemma 6.2.2. If 21, ..., zy are the zeros of f inside the disc Dg, then
R N
dr R
nir)— = log |—1.
Gk > s

103



Complex Analysis Anthony Hong

Proof. First we have

Z 10g

Z/zk r

If we define the characteristic function

(r) = 1 ifr > |z
T N0 i <

then Zgzl Mk (r) = n(r), and the lemma is proved using

N

YRS o ST (e O e

6.3 Functions of Finite Order
Let f be an entire function. If there exist a positive number p and constants A, B > 0 such that
|f(2)] < AeB*I" forall z € C,
then we say that f has an order of growth < p. We define the order of growth of f as
py = inf p,

where the infimum is over all p > 0 such that f has an order of growth < p. For example, the order of
growth of the function e is 2.

Theorem 6.3.1. If f is an entire function that has an order of growth < p, then:
(i) n(r) < Crr for some C > 0 and all sufficiently large r.

(ii) If 21, 2o, ... denote the zeros of f, with z; # 0, then for all s > p we have
=1
DL <
il

Proof. It suffices to prove the estimate for n(r) when f(0) # 0. Indeed, consider the function F(z) = f(z)/z"
where / is the order of the zero of f at the origin (so locally f = z‘g for holomorphic g nonzero at 0). Then
ns(r) and np(r) differ only by a constant, and F also has an order of growth < p.

If f(0) # 0 we may use formula (6.2), namely

R 27
/On(x)dx—l i log | f (Re™)|df — log | f(0)].

x o
Choosing R = 2r, this formula implies

/TQT n(l‘)dj < i ()27T log ’f (Rew) ‘ d6 —log |f(0)|

xr 27
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On the one hand, since n(r) is increasing, we have
2r 2r
d d
/ n(x);x > n(r)/ f = n(r)[log 2r — logr] = n(r)log 2,
and on the other hand, the growth condition on f gives

2m 2
/ log | f (Re™)|do < / log ‘AeBRp’ do < C'rP
0 0

for all large r. Consequently, n(r) < Cr? for an appropriate C' > 0 and all sufficiently large r. The following
estimates prove the second part of the theorem:

o0 o0
PR IREDY Yoo lml ) <Y 277
[2k|>1 J=0 \27<|z|<29+1 J=0 \ 29 <[z |<29+1
o0 o0
< 2=isy (2j+1) < CZ 9—iso(i+1)p
Jj=0 Jj=0
> .
< C/Z (QP_S)J < oo.
j=0
The last series converges because s > p. O

Part (ii) of the theorem is a noteworthy fact, which we shall use in a later part of this chapter.

We give two simple examples of the theorem; each of these shows that the condition s > p cannot be
improved.

Example 6.3.2. Consider f(z) = sin7wz. Recall Euler’s identity, namely

iTZ —imz

e — €

1) = —

which implies that |f(z)| < e™/?|, and f has an order of growth < 1. By taking z = iz, where z € R, it is
clear that the order of growth of f is actually equal to 1 . However, f vanishes to order 1 at z = n for each

n € Z,and ), ,1/|n|* < oo precisely when s > 1.

Example 6.3.3. Consider f(z) = cos z!/2, which we define by

L L1/2 _1)n 2" )
COs 2 nz:%( ) 2n)!
Then f is entire, and it is easy to see that
F@)] < e

and the order of growth of f is 1/2. Moreover, f(z) vanishes when z,, = ((n+1/2)m)?, while >~ 1/|z,|* < 0o
exactly when s > 1/2.
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6.4 Infinite Products

The notion of convergence in H(G) can be used to solve the following problem. Given any sequence of

complex numbers z1, 29, ..., whether or not there exists an entire function f with zeros precisely at the
points of this sequence. A necessary condition is that z1, z5, ... do not accumulate, in other words we must
have

lim |z| = oo,
k—o0

otherwise f would vanish identically. Weierstrass proved that this condition is also sufficient by explicitly
constructing a function with these prescribed zeros. A first guess is of course the product

(z=21)(z=2)--,

which provides a solution in the special case when the sequence of zeros is finite. In general, Weierstrass
showed how to insert factors in this product so that the convergence is guaranteed, yet no new zeros are
introduced. To study this, we need first look at the theory of infinite products.

oo

Clearly one should define an infinite product of numbers z,, (denoted by []_, z,) as the limit of the finite
products. Observe, however, that if one of the numbers z, is zero, then the limit is zero, regardless of the
behavior of the remaining terms of the sequence. This does not present a difficulty, but it shows that when
zeros appear, the existence of an infinite product is trivial. However, the limit of finite products being zero
does not imply one of the factors is evaluated as zero.

6.4.1 Generalities

Definition 6.4.1. If {z,} is a sequence of complex numbers and if z = lim[];_, 2 exists, then z is the
infinite product of the numbers z,, and it is denoted by

00
=T
n=1

Suppose that no one of the numbers z,, is zero, and that z = [[’_, z, exists and is also not zero. Let
Pn = HZ=1 z, for n > 1; then no p, is zero and p"i = z,. Since z # 0 and p, — z we have that

lim z, = 1. So that except for the cases where zero appears, a necessary condition for the convergence of
an infinite product is that the n-th term must go to 1. On the other hand, note that for z, = « for all n and
la| < 1,]] z» = 0 although lim z,, = a # 0.

Because of the fact that the exponential of a sum is the product of the exponentials of the individual terms,
it is possible to discuss the convergence of an infinite product (when zero is not involved) by discussing
the convergence of the series > log z,,, where log is the principal branch of the logarithm. However, before
this can be made meaningful the z, must be restricted so that log z,, is meaningful. If the product is to be
non-zero, then z,, — 1. So it is no restriction to suppose that Re z,, > 0 for all n. Now suppose that the series
> log z, converges. If s, = > ;_,logz; and s,, — s then exps, — exps. But exps, = [[,_; zx so that
[1,2, #n is convergent to z = e* # 0.

Proposition 6.4.2. Let Rez, > 0 for all n > 1. Then [] ~, z,, converges to a non zero number iff the series
>0, log z, converges.

Proof. Letp, = (z1---2n),2 = re¥, —1 < 0 < 7, and /£ (p,,) = log |pn| + i0,, where § — 7 < 0,, < 0 + 7. If
Sn =logz; + -+ + log 2, then exp (s,,) = p, so that s,, = ¢ (p,) + 27wik, for some integer k,,. Now suppose
that p,, — z. Then s, — s,—1 = log z,, — 0; also ¢ (p,,) — ¢ (pn—-1) — 0, Hence, (k,, — k,—1) — 0 as n — oc.
Since each k,, is an integer this gives that there is an ng and a k such that k,,, = k, = k for m,n > ngy. So
Sn — £(z)+2mik; that is, the series > log z,, converges. Since the converse was proved above, this completes
the proof. O
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Consider the power series expansion of log(1 + z) about z = 0:

e 2

z" z
log(1 = S A e R
o1 +2) = D)= T
which has radius of convergence 1. If |z| < 1 then
log(1+ 2) 1 1 4
=) N2 [
‘ 2 22 32 +
1 2
§§(|z|+\z| +...)
_ 1k
21— |2
If we further require |z| < 1 then
‘1_ log(1 + 2) < 1
z 2
This gives that for |2| <
1 3
51l < log(1+2)] < Ze]. 6.3)

This will be used to prove the following result.

Proposition 6.4.3. Let Rez, > —1; then the series > log (1 + z,,) converges absolutely iff the series >_ z,
converges absolutely.

Proof. If 3 |z,| converges then z, — 0; so eventually |z,| < 1. By (6.3) }_ [log (1 + z,)| is dominated by a
convergent series, and it must converge also. If, conversely, > |log (1 + z,,)| converges, then it follows that
lzn| < % for sufficiently large n (why?). Again (6.3) allows us to conclude that ) |z,| converges. O

There is also a useful necessary condition that guarantees the existence of a product.

Proposition 6.4.4. If (a,) € (%, i.e., |(ay)|lr = Y, |an| < oo, then the product [] 7, (1 + a,) converges.
Moreover, the product is 0 if and only if one of its factors is 0.

Proof. If 3 |a,| converges, then for all large n we must have |a, | < 1/2. Disregarding if necessary finitely
many terms, we may assume that this inequality holds for all n. Recall the principal branch of the logarithm
z > logz =log|z| + i Arg(z), z € C\ (—o0, 0] has the power series expansion

o0

log(1+ 2) = — Z(—m%

n=1

for |z| < 1. The logarithm satisfies the property that 1 + z = ¢'°6(1+2) whenever |z| < 1. Hence we may write
the partial products as follows:

N N
[1 (1 +an) =] et = e,
n=1 n=1

where By = Zilvzl b, with b,, = log (1 + a,,). By the power series expansion we see that |log(1 + z)| < 2|z,
if |z] < 1/2. Hence |b,| < 2|ay|, so By converges as N — oo to a complex number, say B. Since the
exponential function is continuous, we conclude that e®~ converges to e® as N — oo, proving the first
assertion of the proposition.
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To show the second statement, suppose (a,,) € ¢! and none of the factors is zero, 1 + a,, # 0 Vn. Let Ny be
such that |a,| < 1/2 for n > Ny. Then

fo'e) No—1 o
[Ta+a)=J] O+an) ] Q+an) #0.
n=1 n=1 n=Nyp
#0 =eB£0 for some B
If one of the factor is zero, the product is of course zero. O

We wish to define the absolute convergence of an infinite product. The first temptation should be avoided.
That is, we do not want to say that [] |z, | converges. Why? If [] |z, | converges it does not follow that [] z,
converges. In fact, let z,, = —1 for all n; then |z,| = 1 for all n so that ] |z,| converges to 1 . However
[Ts_, 2 is =1 depending on whether n is even or odd, so that [] z, does not converge. Thus, if absolute
convergence is to imply convergence, we must seek a different definition. On the basis of Proposition 6.4.2
the following definition is justified.

Definition 6.4.5. If Rez, > 0 for all n then the infinite product [] z,, is said to converge absolutely if the
series > log z,, converges absolutely.

According to Proposition 6.4.2 and the fact that absolute convergence of a series implies convergence, we
have that absolute convergence of a product implies the convergence of the product. Similarly, if a product
converges absolutely then any rearrangement of the terms of the product results in a product which is
still absolutely convergent. If we combine Propositions 6.4.2 and 6.4.3 with the definition, the following
fundamental criterion for convergence of a infinite product is obtained.

Corollary 6.4.6. If Re z,, > 0 then the product [] z,, converges absolutely iff the series > (z, — 1) converges
absolutely.

Although the preceding corollary gives a necessary and sufficient condition for the absolute convergence of
an infinite product phrased in terms with which we are familiar, it does not give a method for evaluating
infinite products in terms of the corresponding infinite series. To evaluate a particular product one must
often resort to trickery.

We now apply these results to the convergence of products of functions. A fundamental question to be
answered is the following. Suppose {f,} is a sequence of functions on a set X and f,(z) — f(z) uniformly
for  in X; when will exp (f,(z)) — exp(f(z)) uniformly for x in X ? Below is a partial answer which is
sufficient to meet our needs.

Lemma 6.4.7. Let X be a set and let f, f1, fo,... be functions from X into C such that f,(z) — f(x)
uniformly for z in X. If there is a constant a such that Re f(z) < a for all 2 in X then exp f,,(z) — exp f(z)
uniformly for x in X.

Proof. If ¢ > 0 is given then choose ¢ > 0 such that |e* — 1| < ee~®* whenever |z| < §. Now choose n, such
that |f,,(x) — f(z)| < ¢ for all  in X whenever n > ng. Thus

ge” " > lexp [fn(z) — f(z)] = 1]
exp fn(x)
exp f(z)

|

It follows that for any z in X and for n > ny,

lexp fn(z) —exp f(z)| < ce™|exp f(x)| < ¢
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Lemma 6.4.8. Let (X, d) be a compact metric space and let {g,,} be a sequence of continuous functions from
X into C such that Y g, (z) converges absolutely and uniformly for 2 in X. Then the product

J@) = T[ + gu@))

converges absolutely and uniformly for = in X. Also there is an integer ng such that f(z) = 0 iff g,,(x) = —1
for some n,1 < n < ng.

Proof. Since " g,,(z) converges uniformly for z in X there is an integer ng such that |g,, ()| < 3 for all z in
X and n > ng. This implies that Re [1 + g, (x)] > 0 and also, according to inequality (6.3), |log (1 + g, (x))| <
3 |gn(z)| for all n > ng and z in X. Thus

oo

h(z)= Y log(1+ga(x))

n=no+1

converges uniformly for x in X. Since & is continuous and X is compact it follows that » must be bounded;
in particular, there is a constant a such that Re h(x) < a for all z in X. Thus, Lemma 6.4.7 applies and gives
that

oo

exph(z) = [ (1 +gu(@)

n=nog+1

converges uniformly for x in X. Finally,

f(@) =1+ g1(x)] - [1 4 gno ()] exp h(z)

and exp h(z) # 0 for any = in X. So if f(z) = 0 it must be that g,,(z) = —1 for some n with 1 <n < ng. O

We now leave this general situation to discuss analytic functions.

Theorem 6.4.9. Let G be aregion in C and let { f,,} be a sequence in H(G) such that no f,, is identically zero.
If > [fn(2) — 1] converges absolutely and uniformly on compact subsets of G then [[ ), f.(z) converges in
H(G) to an analytic function f(z). If a is a zero of f then a is a zero of only a finite number of the functions
fn, and the multiplicity of the zero of f at a is the sum of the multiplicities of the zeros of the functions f,,
at a.

Proof. Since > [f.(z) — 1] converges uniformly and absolutely on compact subsets of G, it follows from the
preceding lemma that f(z) = [] f.(z) converges uniformly and absolutely on compact subsets of G. That is,
the infinite product converges in H(G).

Suppose f(a) = 0 and let 7 > 0 be chosen such that B(a;r) C G. By hypothesis, > [f.(z) — 1] converges
uniformly on B(a;r). According to Lemma 6.4.8 there is an integer n such that f(z) = fi(2)... fu(2)g(2)
where g does not vanish in B(a;r). The proof of the remainder of the theorem now follows. O

Proposition 6.4.10. Suppose {F,,} is a sequence of holomorphic functions on the open set Q. If there exist
constants ¢, > 0 such that

ch<oo and |F,(z)—1|<¢, forallzeq,

then:

(i) The product [] 7, F,,(z) converges uniformly in €2 to a holomorphic function F(z).
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(ii) If F,(z) does not vanish for any n, then

F'(z) N~ Fp(2)

Proof. To prove the first statement, note that for each z we may argue as in the previous proposition if we
write F,(z) = 1 + a,(z), with |a,(z)| < ¢,. Then, we observe that the estimates are actually uniform in z
because the ¢, ’s are constants. It follows from 1.2.13 that the product converges uniformly to a holomorphic
function, which we denote by F(z).

To establish the second part of the theorem, suppose that K is a compact subset of 2, and let

N
Gn(2) =[] Ful2).

be the partial products. We have just proved that Gy — F' uniformly in 2, so by Theorem 1.2.14, the
sequence {G’y} converges uniformly to F’ in K. Besides, F is non-vanishing as is each F,, assumed to be
(see previous lemma). We claim that Gy /Gy — F’/F uniformly on K. That’s becasue

_|FGy —F'Gy
|GN||F

Gy F
Gy F

and ming |F| > 0 implies (|G y|) is uniformly bounded from below. Notice that

(AFR)  FR+FF F  F

nE, P\ Fy R R

which generalizes to

N
=Y
Gy = F,’
so part (ii) of the proposition is also proved. O

Before proceeding with the general theory of Weierstrass products, we first consider some explicit product
formulae and a related technique to calculate series using residues.

6.4.2 Examples

In this section, we will prove that following product formula for the sine function.

S. oo 2
"o (1-2;.> (6.4)
Tz el n

We need to first show that

o0 oo

1 1 1 2
meotmz = Z = lim = -+ Z 722 (6.5)

2
z n N—oc0 z n z zZe—="n
n=-—oo + ‘7L|SN + n=1

The first formula holds for all complex numbers z, and the second whenever z is not an integer. The sum
>0 . 1/(z+n) needs to be properly understood, because the separate halves corresponding to positive and

negative values of n do not converge. Only when interpreted symmetrically, as limy ;oo Zln\< N 1/(z+n),
does the cancellation of terms lead to a convergent series as in (6.5) above.

The evalutation of the series (6.5) will be proved using residue theorem.
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Remark 6.4.11. Recall two things:

sintz=0 <= z=ne€eZ

The function F(z) := 7 cot mz has simple poles at z = n, n € Z, with

, cosmz . cos Tz
Res(F;n) = lim 7(z —n)— =lmr———
z—n SIN 72 z—n SIN TZ—SIN 7N
zZ—n
cosn cosn

-7 (sinmz)|.—p T cosmn

This will be a reason why this function can be used to calculate some series.

Let N € N and vy be a rectangular contour going through +(N + 1/2) and +i(N + 1/2):

Im
i(N+1/2)e
) i(N—-1/2)e \
. . . . Re
-N-1/2 —N+1/2 N-1/2 N+1/2
o —i(N—1/2)
\ 5
o—i(N+1/2)

We need some estimates.

Lemma 6.4.12. -
| cot mz| < coth 5 Yz € YN,

where )
cosh z e* +1
cothz := = .
sinhz e2* —1

Proof. This is a direct calculation using the identity

cos? Tz + sinh® 7y

|cotmz|? = , z=x+1y.

cosh? my — cos? Tz

For instance, on the vertical strips cos (3 + Nm) = 0 and so | cot 7z| = |tanh7y| < 1.

D
2

O

Remark 6.4.13. The important part is not the explicit bound but the uniform estimate |F(z)| < 1Vz € yn

and VN.
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Example 6.4.14. To get an idea of this strategy, we prove the formula
S
5 — .
—n 6

Notice

F(Z) 1 1 Nooo
N

where N comes from the length of vy, = ©(N), and < comes from |F(z)] < 1. On the other hand, by
residue formula and remark 6.4.11,

F(z) T COS T2 Al | T COS T2
w2 Yy Z2sinTz —n z?sinmz
F(2) 1
Res < 2;2 ,TL> = ﬁ

for n € Z\ {0} since Res(F;n) = 1. We need to calculate this residue at 0 to continue. Recall for g with a
pole of order n at a, one has

Here, we used

Res(g: 0) = lim —— (f) (= — a)g(2)

z—a (n —1)!

here n = 3, a = 0, so we have

2
T COSTZ . 1d° mzcosmz
Res 27, m 5A92
Z2sinmz 2—02dz2 sinmz
Recall that
. (r2)®  (wz)°
sinmz =7z — —— + ~—2 —

3! 5!
B (r2)?  (w2)*
cosmz =1— o1 1 4+
Thus . .
TZCOSTZ  COSTZ T2 — % + (”52,) - COS T2
: = Ssinmz (COS ﬂ—Z)/ . ' = 2 4
sinTz sinmz Tz 1 (22 (@t
Tz 3! 5!
Now we use the geometric series
1 (o)
T :Zz", |z| <1
n=0
to write
! l+w+w’ +
f— w w PR
(@ ()
TR
=W
2 4 4
—14 7 2 T T A
71+6Z+ 312 = Z5+
—~—
from w2 flomw
2 4
s T
=14+ 24 0 4.
+ 6 z°+ 360 +
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Therefore,

CosS Tz

m@wfz@_*2+“f+~>-0+ﬂ£+%2ﬂm)

sinmz 2 24 6 360
2 2 2
:1—%22+%22+-~-:1—%2’2—1—0(24).
It follows that
d® mzcosmz  —2m2
lim = .
—0dz? sinmz 3
Then
R ( T COSTZ ) i 1 d% rzcosmz  —n2
——:0) = lim = =
22sinwz’ 2—02dz2 sinmz 3
and

YN

. F() 2 =1 72
0:]\}51100 dz-hm 27m<22—>—2m<22—3 .

We conclude that

oo

1 2
> E

This particular series can be calculated in other ways, but this method is of interest to us.

Example 6.4.15. We will consider the same path ~y above to show first that

= 1 72
= , z & 7.
n_z_:oo (z+n)?  sin®(nz2) ?
We consider the function -
meot
F =
O = ey
It has simple poles at z = n, n € Z, with
cos €
F: =1 _
Res(F;n) fm (€ —n) €T 2)Zsinne
_ 1 lim COS Tz
" (24 n)? f%nﬂw
1 cos TN
= ™
(z+mn)?" (sin7g)’|e=n
1
- (2+n)?

Thus, the path «y does not go through the poles, including —z, when N goes to oco.

Reusing the estimate we talked about in class that |7 cot 7¢| < 1 V€ € vy and VN, we see |rcot mé| < =

V¢ € vy and VN. Thus,
/ F(2)dz
I'n
where N comes from the length of v, . Residue theorem then tells us

0= /w F(z2)dz = 2mi (Z (ZJ%)Z + Res (&Cf;;g;—z)) .

ne”L

1 1 N—o0
<N.— = H2x
~ N2 N
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Recall for g with a pole of order n at a, one has

Res(g; 0) = lim — (d) (= — a)g(2)

z—a (n — 1)! dz
here n = 2, a = —z, so we have
t €
Res(F:—2) = i el 2 Teovme
es(Fi=2) = lim (€ +2P T
d
=7 lez diﬁ cot €
= [-n?csc? ml]e——
™
sin(mz)2’
Therefore, Vz ¢ Z,
1 2
= 6.6
T;Z (z+mn)? sin(rz)? (6.6)
To use it to derive the formula
=1
z &7, wcot(mz)= n:Z_OO poprapey

we want to prove

Claim:

d (o) oo
Ve Z, —
£z, dz(zwz+n> dzz+n ; (z+n)?

The second equality is a direct computation. To show the first equality, we recall that if { f,,} -, is a sequence
of holomorphic functions that converges uniformly to a function f in every compact subset of Q, then f is
holomorphic in €, and the sequence of derivatives {f},} -, converges uniformly to f’ on every compact
subset of (2. It thus suffices to show that the partial sum Sy = ZN N + uniformly converges for any
compact set K C Q := C\ Z. |z| as a continuous function on K attains its maximum M somewhere. Now
we note that

N N N
1 1 1 1 1 2z
Sy = B - = =
N n:Z_Nz—i—n z+;<z+n+z—n> z+;zg—n2
Note that
2z 2|z| C
22—n2| 7 |z2=n2 T n2+41

for some constnat C > 0, because for |Imz| < 1, holomorphicity ensures bounedness, and for [Imz| > 1, one
can choose C > M. Since # for all n > 1, the positive series
o0

= C 1
;HQ—&—l: Zn2—|—1

is convergent. Thus, the series S., majorized by a series getting rid of z uniformly converges. The claim is
then proved.

2+1
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By the claim and equation (6.6), we have, for z € Q = C\ Z,

d [ — 1 2 d
— = = — t
dz ( Z ern) sin(rz)?  dz (m cot mz)

1
= Z =mcotwz +C’ for some constant C’
Z24+n

n=—oo

where we evoked the fact that primitives only differ by a constant (See Math5021 Orponen lecture note
prop.6.4.30). Plugging in z = 1 results in

o0

1

n*ooQ

We will explicitly show its partial sum is Sy =
easily verified. We then observe that

T +7 by induction. For N = 0 and 1, the formula can be

P SN S
N T N+ +1 Y TN+ 1)+ 1

1 1 1
_72N71+2N+1+2(N+1)+1
1

20N+ 1) +1°

Now

r— — 1
O = i Sy = Jim o1 =

Therefore,
= 1

Z =mcotmz.
z+n

n=—oo

Remark 6.4.16. [14] uses another way to show (6.5).

To prove (6.4), we now let

G(z)zsmﬂz and P(z _zH(l—).

™

Proposition 6.4.10 and the fact that 5~ 1/n? < oo guarantee that the product P(z) converges, and that away
from the integers we have

e | I} lfﬁ 2 (12, 1*}% / . —2z/n? > z
T O e A T o S

n2 n= n=

Since G'(z)/G(z) = wcot mz, the cotangent formula (6.5) gives

(55) -5 [53 - &3]

and so P(z) = ¢G(z) for some constant ¢. Dividing this identity by z, and taking the limit as z — 0, we find
c=1.
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Remark 6.4.17. Above example of pole expansion of meromorphic function belongs to a broader class of
result called Mittag-Leffler theorem, which asserts the existence of a meromorphic function with prescribed
sequence of poles and principal parts. For example

= 8z
tan(z) = Z (2n I 1)2772 — 422

n=0
csc?(z) = _
7;2 (z — nm)?
) = e = ) e
nez n=1

One can find the proof of Mittag-Leffler theorem in [2] p.205 Theorem 3.2. It needs Runge’s theorem. For
more remarks on that, see the post.

Mittag-Leffler theorem is the sister of Weierstrass factorization theorem, which asserts existence of holomor-
phic functions with prescribed zeros. We then talk about it in next section.

6.5 Weierstrass infinite products

Given a sequence (a,,) for which {|a,|} — oo, we construct an entire function that vanishes at all z = a,, and
nowhere else. The product formula

P () = T 2) ()

suggests to try something like the product [] (1 — z/a,). The obvious problem is that this product converges
only for suitable sequences (a,, ). To fix this issue, we will insert certain exponentials factors, which will make
this product converge without adding new zeroes.

Definition 6.5.1. The canonical factors Fy, k > 0, are defined by setting
Eo(2)=1—z and Ej(z) = (1—z)e t=/20+"/k >,

The integer k is called the degree of the canonical factor.

Notice that these factors vanish when z = 1 and nowhere else. We will soon use them in the form E, (z/a)
— such a factor vanishes for z = a. The decay given by the next lemma is the key to the usefulness of these
factors.

Lemma 6.5.2. If |z| < 1/2, then |1 — Ej(2)| < 2e|z|F+1L.

Proof. Recall that

oo é.n
log(1 =N (-1)">—, <1
os(1+6) == D (1" e
so that here log(1 — z) = — 2 | 2"/n (as |z| < 1/2 by assumption). Thus, we have
By (z) = o8-+ 2442/ g,
where w = —"° | 2" /n. We now have
w| < |Z|k+1 200: ‘z|n_k_1 < ‘Z|k+1 EOO: 1 " _ 2|Z‘k+1
- n - 2 '
n=k+1 n=0
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In particular, |w| < 1. Therefore, (using the power series ¢ = Y2 £"/n 1) we have

_ w - |w|7l _ - |w‘7l k+1
1= Ep(z)] =[1-e |§;?_|w‘;0m < eJw| < 2elz|

We are ready for the main construction of this section.

Theorem 6.5.3 (Weierstrass Infinite Product). Given any sequence ( a,, ) of complex numbers with |a, | —
oo, there exists an entire function f with zeros z = a, (counted with multiplicities, i.e., we assume the
sequence lists the repeated zeros repeatedly). Any other such entire function is of the form fe9 for some
entire g.

Proof. We begin by proving the second assertion first. Note that since we allow for repetitions in the sequence
(an), this theorem actually guarantees the existence of entire functions with prescribed zeros and with
desired multiplicities. Let now f; and f, be two entire functions that vanish at all z = a,, and nowhere else.
Then given one of their shared zeros a there exists m > 0 so that f;(z) = (z — a)™g;(z) for some g; that is
holomorphic and non-vanishing in a neighborhood of a. This implies that in that neighborhood we have

fi(z) _ g1(2)

f2(2)  g92(2)

so that the singularity at z = « is removable. Therefore, f;/f> is a non-vanishing entire function, which
implies that f1/f» = e9 for some entire g (as C is simply connected). This ends the proof of the second
assertion of the theorem.

To prove the first assertion, we relabel the setting so that we assume that we have a zero of order m at the
origin, and that ay, as, ... are all non-zero. Then, we define the Weierstrass product by setting

f(z) =2" H E,(z/ay).

Fix an arbitrary R > 0. We shall prove that f has the desired properties in the disc B := B(0, R), and
because R is arbitrary, this will prove the theorem. We split

fz):=2" [ En(z/an) [ En(z/an)

n:an|<2R n:lan,|>2R

There are only finitely many n for which |a,| < 2R becasue |a,| — oco. In the ball By the finite product
2" 14, |<2r En (2/an) vanishes at all z = a,, with |a,| < R and at z = 0, and nowhere else. Then we
need to argue that the remaining infinite product [[,,.,, -2 En (2/a,) defines a non-vanishing holomorphic
function in Bg. To see this, notice first that if |a,| > 2R, we have |z/a,| < 1/2 in Br. Thus, Lemma 6.5.2
implies that

nt1
11— E, (2/an)| < 2¢ % ’ < ;il = Qin € Br,|an| > 2R.
By Proposition 6.4.10 this implies that the product
H E, (2/an)
|an|>2R
defines a holomorphic function in Bp, - it is also non-vanishing in Br by Proposition 6.4.4. O
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Weierstrass’ theorem states that if a non-trivial entire function f has non-zero zeros ai, as, ... (and a zero of
order m at the origin), it takes the form

e9() zm H E, (z/ay).

n=1

This is not always convenient to work with — the index n of the canonical factors E,, involved are unbounded,
and no information is provided about the entire function g. We aim to further refine this construction by
proving Hadamard’s factorization theorem, which basically states that in the case of functions of finite order
(we define this notion in the next section), the degree n of the canonical factors F,, can be taken to be a
constant, and that g is then a polynomial.

6.6 Hadamard’s Factorization Theorem

We will need several lemmas before being able to prove Hadamard’s factorization theorem. First, to have a
finer understanding of the canonical factors, we will bound them from below — such bounds are a critical
component of the proof of Hadamard’s factorization as we will later see.

Lemma 6.6.1. The canonical factors satisfy

_2‘2‘k+1

|Ek(2)] > e if|2] <1/2

and
k

|E(2)] > 1 — 2|20 2] > 1/2.

Proof. Assume first that |z| < 1/2. Recall from the proof of Lemma 6.5.2 that we can write E,(z) = €%,
where |w| < 2|z|**!. Note that

lw| = V/(Rew)? + (Imw)? > |Rew| = —|w| < —|Rew| < Rew, 6.7)

SO
|Ek(Z)| _ 6Rew > 67|w\ > efz\z‘k-ﬂ'

(6.7) also implies
€z+z2/2+---+zk/k' — oRe(z+22/2++2"/k) > o ls 222442 k|

If |z| > 1/2, we see

IEn(2)] = |1 — 2| €z+22/2+-~~+zk/k’ > 11— Z|6—|z+z2/2+-~+zk/k|’
where
|24+ 22/2+ - + 2" /K| < <Z 2n1_k> 12[F = (2% — 1) |2|".
n=1
We thus completed the proof. O

We now state the setting under which we will be working for the rest of this section. Suppose f is entire
and has an order of growth py. Let k be the unique integer so that £ < py < k + 1. Let a1, as, . .. denote the
non-zero zeros of f in C.



Complex Analysis Anthony Hong

Lemma 6.6.2. For any s with pyp < s < k + 1, we have

> e—clal®

H Ey (z/an)

except possibly when z belongs to the union of the discs centered at a,, of radius |an|_k_1, forn=1,2,...

Proof. Write
I Ex(z/an) = ] Ex(z/an) ] Ex(z/an).

lan|<2]z| lan|>2]z|
For the second product, we have by the first part of Lemma 6.6.1 that

k1 . k1 k1
I[I Eizlan)|= [ e 2ol =e 20 Zianpmapslanl,

lan|>2|z| lan|>2|z|

As |an| > 2|z]and s < k+ 1, wehave s —k — 1 < 0 and

|an|_k_1 = ‘an‘_s |an|8_k_1 < 2°7 k! |an‘_s ‘Z|S_k_1-

Therefore, we have

_os—k||s —s _os—k||s —s
[T Er(z/an)| = e o Sanpanlenl™ > =27 el Eylan

lan|>2|z|

Recall that by Theorem 6.3.1 we have " |a,| ° < oo, since s > po. Thus, we have proved that for some
¢ > 0 it holds

H Ei (z/an)| > e ",

lan|>2]z|

We now estimate the first product, where the product is over the finitely many » for which |a,,| < 2|z|. Notice
first that using the second part of Lemma 6.6.1 we have

H Ey (z/an)| > H lan — 2] H e—clz/anl®

|an|
lan|<2|2| lan|<2|2| lan|<2|2]

Now note that

k k —k
H 6*C|Z/an\ :6*C|Z| > ani<2)z(anl ,

Ianlgz‘z‘
and |an| " = |an| ™% an|* ™" < 257% |a,| % |2|*~*. Thus, it holds (by Theorem 6.3.1 again)
H e—c|z/an|k > e—c\z\s
Jan|<2|2]
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Finally, we need to estimate

H |an — 2|

ani<zs) 19l

Here we will, for the first time, employ the condition imposed on z. Indeed, whenever > does not belong to
a disc of radius |a,| """ centered at a,,, we have |a, — z| > |a,| "' Therefore, for such z we have

11 lan 2] | R

lan|<2|2| @] lan|<2|2|

We take a log of the RHS to convert it into a sum (this is not strictly necessary but we find it convenient):

log [ T laal ™) ==tk+2) > loglanl.

lan|<2|z| lan|<2|z|

If we show
> loglan| < 2I° (6.8)

lan]|<2]|2]

it then follows that

log H |an|_k_2 Z =z

lan|<2|2]

H ‘a"‘—k—Q 2 eic‘z‘s

lan|<2|2]|

and so

as desired. To end the proof, we then only need to show (6.8). Let s’ be such that py < s’ < s. By Theorem
6.3.1 we have n(r) < r® for all r > 1. We first estimate

S loglan| < n(2l2]) log(2]2]).

jan|<2|2]

If log(2|z]) < 0, obviously this is < |z|°. Otherwise, |z| 2 1 and we use the size estimate on n(r) to get

n(2z))log(2[2]) < [2[* log(2]z]) < |2I°.

Corollary 6.6.3. There exists a sequence of radii, r1, 7, ..., with r,, — oo, such that

> e—elal’

I1 &x (z/an)

n=1

for |z| = .

Proof. Since k + 1 > po, we have by Theorem 6.3.1 that ) |an|_k_1 < 1/2 for some integer N (as a tail
of a converging series). Consider any large integer L for which we have

(2, L+ 110 (Jan] = lan ™7 Jan] + laal ™) = &
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for all n < N. We claim that there exists r € [L, L + 1] so that {|z| = r} does not intersect any of the disks
B (an, |an|_k_1) ,n=1,2,... For otherwise, for every r € [L, L + 1] there exists n,, € N so that we have an

element z, € {|z| =7} NB (anr, |anr|7k71). Now, we have

Ir = lan || = llzr] = lan, || < |2r —an,| < |anr‘7k71~

Thus, it holds
o0
2, L+1) ¢ | (Jan] = lanl ™ lan] + Jan ™71
n=N
and so
(o]
23 an| 21
n=N

which is a contradiction. Employ the previous lemma to finish the proof. O

One final lemma is needed before we can prove Hadamard’s factorization theorem.

Lemma 6.6.4. Suppose g is entire and u = Re(g) satisfies
u(z) < Cr® whenever |z| =r
for a sequence of positive real numbers r that tends to infinity. Then g is a polynomial of degree < s.

Proof. Write g(z) = Y., a,z", and deduce that for all » > 0 we have (by a simple application of Cauchy’s

integral formula; see Math5022 HW6 Ex2)

1 2w

g (re”) e ™0do = {a"rn ifn20,

27 Jo 0 ifn <0.

By taking complex conjugates we have

L [ @ ifn >0
R 0 1n9d9 _ n > U,
2 Jo g (re?)e {0 PR
Thus, forn > 0,ork = —n < 0
1 2 . 1 2 ‘
27 J, g (re)e*?dp = %/0 g (reif)e=?d9 =0

Recall that u = (¢ + §)/2, and sum the previous identities to obtain that for n > 0 we have

1 o 10 —in6 n
f/ u(re )e do = a,r".
™ Jo

Also, we take real parts from both sides of the n = 0 formula to see
1 27 .
2Re (ag) = — / u (1"619) dé
T Jo

Using the fact that " e~ = 0 for all n # 0, we infer that
1 27 . .
ap = — [u(re®) — Cr®] e7™%d9  whenn > 0,
Trh 0
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and consequently, for an r as in the hypothesis, we have

la,| <

2m
/ [Cr® —u (rewﬂ df <2Cr°™™ —2Re (ag)r ™.
0

Trh
Let r — oo along the sequence given in the hypothesis of the lemma to obtain that a,, = 0 for n > s. O

Remark 6.6.5. This lemma generalizes proposition 6.1.5.

We are now ready to prove Hadamard’s factorization theorem. We state it carefully with all of the underlying
assumptions on f.

Theorem 6.6.6 (Hadamard Factorization Theorem). Suppose f is entire and has growth order < py. Let k
be the integer so that k < pg < k + 1. If a1, as, ... denote the non-zero zeros of f and f has a zero of order
m at the origin, then

f(Z) = ep(z)zm H Ey, (Z/an) ,
n=1
where p is a polynomial of degree < k.

Proof. The beginning of the proof is quite similar to that of Theorem 6.5.3. We set

E(z) :=2" H Ey (z/an), z€C.

n=1

Consider an arbitrary R > 0. We utilize Lemma 6.5.2 to note that

k+1

1 — Ex (z/an)| < 2e < 2eRF+1 |a”|—k—1

z
a

n

for all large n (must have |a,| > 2R) and for all = € Bg. Because the series 3" |a,| "' converges (by
Theorem 6.3.1), we have by Theorem 6.4.10 that z — FE(z) is entire (as R was arbitrary), and has the
zeros of f (see Proposition 6.4.4). Therefore, as we have seen before, f/FE is entire and nowhere vanishing.
Consequently, there exists an entire g such that f/F = e?. Since f has a growth order < py, we have by
Corollary 6.6.3 that for any s with pg < s < k + 1 it holds

eRe(9(2) — ‘eg(a < Cecll’

/@
E(z)
for |z| = r,,, and for some C, ¢ > 0. Lemma 6.6.4 finishes the proof. O

Example 6.6.7. Let f(z) := sin(nz). We derive the already known product formula of sine from Hadamard.
We have already previously noted that the growth order of f is 1 , and so Hadamard tells us that

f(z) = el H Ei(z/n) = eP?) H (1—z/n)e*/™ = Pz H (1-2°/n?),
nez\{0} nez\{0} n=1

where p(z) = az + b is some polynomial of degree at most 1 . We first show that a = 0. This follows from
the fact that

)z H (1=22/n) = f(z) = —f(-2) = eP=2) H (1-2%/n?)
n=1 n=1
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implying that e?(*) = ¢P(=2) for z ¢ Z. Thus, for those z we have

1= ep(z)—p(—z) — eaz+b—(—az+b) — e2az
forcing a = 0. It follows that
2102

Divide both sides by 7z and let z — 0 to conclude that e’ /7 = 1, i.e., e’

sine:

= 7. Thus, we have the formula for

sin(mz) = 7z H (1-22/n?).

n=1

6.7 Blaschke Products

Blaschke products are bounded anologues in the disc I of the Weierstrass products for the entire functions.
In this section we quickly record, omitting some details of the proofs, their basic theory.

Definition 6.7.1. The space H> = H>(ID) consists of all bounded analytic functions f on D:
H* = H*(D) :={f € HD) | [|flloc < o0},

where || f]| oo is the sup-norm

[flloc == sup{[f(2)[ : z € D}.

Theorem 6.7.2. Assume that f € H* is not identically zero and ay, as, ... € D are its zeros. Then we have

Z (1—an|) < 0.

n

Proof. We tacitly assume f has infinitely many zeros, otherwise there is nothing to prove. If f has a zero
of order m at the origin, set F'(z) = f(z)/2z™. Then F' € H*> but now F'(0) # 0. Thus, without loss of
generality, we may assume f € H> does not vanish at zero (so a,, # 0 for all n ).

Letpy := Hf;l lay|. Notice thatas 0 < |a,| < 1 we have p; > p, > - - -, and so the infinite product [] 7, |a,|
exists (a bounded decreasing sequence has a limit). It is non-trivial that [] 7 ; |a,,| > 0, but a short argument
using Jensen’s formula (Math5022 HW7 Ex3) shows that

I ||f||oo

n=1

This then implies (see Math5022 HW7 Ex1) that

> (1= an]) < oo

n

O

Soif f € H* with }_ (1 —|a,|) = oo, then f = 0 identically. A Blaschke product allows to do what the
Weirstrass product did in the entire case.
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Theorem 6.7.3. Let (a,,) satisfy a,, € D\{0}. Define the Blaschke product

Ia |
H tha, (),

where 9, a € D, is the following familiar automorphism of D (sometimes called a Blaschke factor):

Then a necessary and sufficient condition for B to converge locally uniformly (i.e., uniformly for each
D(0,7) = {z : |z| < r} (as the estimates above are uniform on such z) forany 0 < r < 1) isthat []  |a,| < oo,
or equivalently, > (1 — |a,|) < oo (due to proposition 6.4.3)

If this is the case, then B € H*> with |B(z)| < 1 and B vanishes precisely at the points z = a,.

Proof. Necessity is immediate; simply substitute z = 0. Conversely, assume that
Z (1= |an]) < oo, (6.9)

which implies lim,, (1 — |a,|) = 0 = limy, s o0 |an| = 1. Thus, there exists some integer N such that
lan| > %, 0r 1/]a,| < 2, for n > N. Then for z € D(0,r) (0 < r < 1), we have
:bn(z)
Janl an—2| | (@ + lanl2)(1  Jau)
an(1 —a,2)

a, l1l—a,z

1471 —]an| 21— lay|
T 1l-7r  an 1—7r |ay]
4
§17(1—\an\)=cn for alln > N.
—r

and our assumption (6.9) gives that Y3 ¢,, < co. Thus, Theorem 6.4.9 concludes that the product

00 N-1 )
[T0n2) = ] tn(2) ] tu(2)
n=1 n=1 n=N

converges uniformly to a holomorphic function B(z) for z € D(0,r) (0 < r < 1) and has exactly zeros
a1,as,--- since each Blaschke factor ¢, has precisely one zero a,,.

Since Blaschke factors ¢, (z) are automorphisms on D, we have Vz € D, |¢,,(2)| < 1 and

Hwan '—

Letting K — oo shows |B(z)| < 1 and hence B(z) € H*® = H*(D) :={f € HD) | || flloc < o0}. O

a
_ﬁpnmn '”'
’I’L

sup | Pk (2)] = sup
z€D
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Chapter 7

Cauchy Transform

7.1 Differential Calculus on Complex Domains
In order that we may be able to do calculus computations easily and efficiently in the context of complex
analysis, we recast some of the basic ideas in new notation.

Recall that the differential of a function u(z), considered as a function of (z,y) € R? (via z = x +iy), is a
differential one-form given by

ou ou
du = %dx + éTydy'
We define the complex-valued one-forms
dz = dzx + idy
dz = dx — idy
dy
dz = daH+idy i
T dx
dz = da|—idy 1

Then by this change of basis, we can write du = Fdz + Gdz with

P ou _ 1 <8u ,8u>

2. " 2\ar oy
ou 1 /0u . Ou
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They are called Wirtinger derivatives.

Let f(z) = u(z) +iv(z) be a complex-valued, real differentiable function on a planar domain 2. Then, Notice
that

0 Z%f(Z) = % (86:5 + ij) [u(z,y) +iv(z,y)]

2\ 90z Oy 2\0y Oz '

if and only if

But these are just the Cauchy-Riemann equations. We conclude that

gf =0 on Q iff [ isholomorphicon (.
Z

Further notice that

0 0 _
5‘ 6

Thus 9/0z and 0/0z fitin a natural way into complex function theory. Besides, when 9;f(z) = 0Vz € Q,

i.e., C.R.eq is satisfied, gZ = %% and — d“ = 2 we have

) @+8v _Ou | Ov
or Oz

7 2\0x  ox 2 o 'or
which is the first expression of f’(z) given in [10] Corollary 4.45. Alternatively, one observes that if f is
holomorphic then

f(z) = _lim feth) = 1) o fets)=fle) _of _ _0f _Of

C5h—0 h R35-0 s 9r 9y 0z

To translate to Dirichlet problem, observe that the Laplace operator

0? 0?
ST T ap
may now be written as
0 0 0 0
A=4%5 ~ "ozon

The following properties of these operators will be used routinely. The complex conjugate of du/dz is 9u/0z
and the complex conjugate of du/Jz is 0u/0z.

Proposition 7.1.1. If f and g are continuously differentiable functions, and if f o g is well defined on some
open set U C C, then we have

of dg of
(f 9)(z) = 5~ (9(2)) 57 (2) + 5= (g(= ))a (2)

z z

and

of
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Proof. We will sketch the proof of the first identity and leave the second as an exercise. We have

We write g(z) = a(z) + i8(z), with « and g real-valued functions, and apply the usual calculus chain rule
for 9/0x and 9/0y. We obtain that the last line equals

<8f8a+8f86 Of Oa 8f8ﬁ>

Ox 0xr Oy Ox e y 8y oy

Now, with the aid of the identities

00,0 0 _ (0 D
dr 0z | 0z oy '\ oz
we may reduce the expression (x) (after some tedious calculations) to the desired formula. O

Corollary 7.1.2. If either f or g is holomorphic, then

Lirone = L),

z
Proof. Exercise. O
Corollary 7.1.3. If f is harmonic and g is holomorphic, then f o g is harmonic.

Proof. Exercise. O

7.2 General Cauchy Integral Formula

We recall that, see e.g. Lee’s Introduction to Smooth Manifold Proposition 14.11 and Example 14.27, if we
let ¢ be a complex variable and v and v : Q — C are C! functions where Q C C is a domain bounded by a
piecewise C'! Jordan curve (952), then

d(ud¢ + vd()
:duAd<+dvAd§

d d d d —_d d¢

< o “ac C>A “( ¢3¢t 3¢ C)A :
ov _

(5 — e acnac

and then Stokes’ Theorem gives

/aQudC—l—vd( // (80—§>d§/\dg.

| wdc~ // P4¢ ndc.
/mudg //—d(/\d(.

In particular,

and
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We shall call these two identities complex Green’s identities. We use the double integrals. That’s because
d¢ = dz + idy and d¢ = dx — idy give us d{ A d¢ = —2idxdy, and hence the double integral in the formula
represents an integral with respect to Lebesgue area measure.

Theorem 7.2.1 (Green-Cauchy formula). If u is a function in C*(2), then

1 ou/oC =
u(z) = 2i 20 C — z 2m // d( nde

for all z € Q.

Proof. Let B(z,¢) denote the disc of radius ¢ about the point z. To prove the Cauchy formula, let Q. denote
the domain Q — B(z,¢) for small ¢ > 0. Apply the complex Green’s identity on the domain (2. using the
function U(¢) = u(¢)/(¢ — 2). Note that 9U/9¢ = (0u/dC)/(¢ — z). Thus, if we parameterize the boundary
of B(z,¢) in the counterclockwise sense, we may write

/aQ Cu(—ozdc_/ew(za) C—z //Q acuiazgdc/\dg

We now let ¢ — 0. Because « is continuous, the integral over the boundary of B(z,¢) tends to 2miu(z).
Finally, because the integrand in the double integral is in L!(Q2), the Cauchy formula follows. (To see that
this integrand is in L', use polar coordinates centered at z in order to write d{ A d¢ = 2idzdy = 2irdrdd and
|¢ — 2|7'd¢ A d¢ = 2idrdd.) O

Note that if u is holomorphic, then the Green-Cauchy formula reduces to the classical Cauchy integral for-
mula.

We have seen that the Dirichlet problem for the Laplace operator is a very important tool in the study of
harmonic functions. Parallel to that, if we want to study holomorphic functions, we shall need to understand
solutions to the 0-equation, that is, solutions to du/9z = v.

Theorem 7.2.2. Suppose that v € C>°((Q2). Then the function u defined via

- ] cns

satisfies Ou/0z = v and u € C>(Q).
Proof. See [1] Theorem 2.2. O

Remark 7.2.3. Since the complex conjugate of du/0Z is equal to 0u/0z, the Theorem implies that the
equation du/0z = v can also be solved with v € C°°(Q2) via an integral formula similar to the one in the
statement of the theorem.

7.3 Cauchy Transform

If u is a C* function defined on the boundary of a bounded domain (2 in the plane with C'*° smooth
boundary, then the Cauchy transform of « is a holomorphic function Cu on {2 given by

Coe) =5 [ uld) 4

27i aC—=z2
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In the study of harmonic functions, the Poisson integral plays a very important role; the Poisson integral
establishes a one-to-one correspondence between continuous functions on the boundary and harmonic func-
tions on the interior that assume those functions as boundary values. In complex analysis, the Cauchy
transform plays a similar part; however, the interaction is more subtle because not all functions on the
boundary can be the boundary values of a holomorphic function. In this section, we shall spell out some
basic properties of the Cauchy transform.

Let A>(Q) denote the space of holomorphic functions on {2 that are in C°°(£2).
Theorem 7.3.1. The Cauchy transform maps C*°(952) into A (Q).

Proof. Let u € C*°(9Q) and let U be a function in C*°({2) which is equal to u on 9. Theorem 7.2.1 allows

us to write U
1 ¢
U—CU‘F%//QC_Z

and it follows from Theorem 7.2.2 that the function defined by the double integral is in C°>°({2). The theorem
is proved. O

d¢ NdC

Above theorem allows us the view the Cauchy transform as an operator which maps the space C*°(912) into
C°(Q), or even as an operator from C'*°(91) into itself. The theorem also implies the following result.

Theorem 7.3.2. Suppose that & is a holomorphic function on 2 which extends to be a continuous function
on (2. If the boundary values of h are in C*°(0f2), then h € C*>(£2).

The analogue of this theorem for harmonic functions is also true, but it is considerably harder to prove. It is
remarkable that this theorem can be proved so easily.

Add Appendix Distribution and test functions using [6] and [14] chapter 3; p.7-10 of Mathematical tools for
one-dimensional dynamics.
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Chapter 8

Hardy Spaces on D

8.1 Poisson Integrals Revisited

We recall that given z = re’’ € D (so 0 < r < 1), the Poisson kernel for unit disk I is defined for § € R,

. 1—r2 el 4+ 2
P.(0) = Imlgim(8o=0) — =Re( — .
©) mZEZT ¢ 1 —2rcos(fg — 0) + r? “\e? — 2

When z =0, i.e., §y = 0, we often write P,(¢) as P.(¢). Note that P,(0) = P,.(6y — 0).
For fixed €%, P,(6) is a harmonic function of z € . Hence the function defined by

az)= 2 [ Paoyroao =L [ oo —6)£6)d0 = (P, + )(80) 8.1)

T o o 2 J_ .

is harmonic on D whenever f() € L'(dD) (notice that C(0D) C L' (0D)). We have shown that the function
Hjy which is v on D and f on 0D uniquely solves (Dir), for f € C(dD). Since P.(0) is also a continuous
function of 6, we get a harmonic function from above equation if we replace f(6)d6 by a finite measure du(9)
on 0D.

We have seen in proposition 4.2.5 that for g € C([—, 71]) we have G () = g(e*%) € C([—n,7]) and uniformly,
lim |(P*G)(0) —G(0)] =0
r1-
Namely,
T [[(Py % G)(0) ~ GO)lz(om) = 0
We now replace L*>° norm by LP norm with 1 < p < oo and relax the class of g.
Proposition 8.1.1. Let 1 < p < oo, f € LP(9D), and define the function on unit circle

u, : 0D — C

e v PIf1(0) := x /Tr P.(6 —t)f(e')dt.

2 J_,

Then
lwr || e oy < Nfll e (om)-
If 1 <p< oo, then
lim [lu, — f[|zr(op) = 0
r—1

(recall f € C(0D) is required for p = oo case.)
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Proof. Using the notation ffﬂ =L fﬂ and freely employing the properties of the Poisson kernel, we note

27
that
fup ()] < ]1 £ P (0 — 1)dt

:][ TR0~ 0P (0— )7 at

iy

Holder ™ ) 1/p ™
S reprio - o) P

—Tr —T

=1
Thus,
fup ()P < ][ F(@) P60 — t)dt

—Tr

and
/ |u7'(€i0)|pd9§/ ][ |f(e™)|P P, (6 — t)dtdo
Fubini i it &
:][ |f(e )|P/ P.(6 — t)dodt

—T

_ gﬂ][” separ = [ " APt

—Tr —T
This implies that ||u, ||z opy < || f]|z»op) (the p = oo case is trivial.) We now show the second statement:

Since C'(9D) is dense in LP(0D) for 1 < p < oo (see e.g. [7] p.245.), we can find g € C(9D) s.t. ||f —
9gllLeom) < €. Let v := P[g](6). Then

llur — f”LP(aD) < luyr — UTHLP([?D) + |lvr — 9||Lp(a]n)) + g — f”Lp(aD)

where ||u, — v, |

ey = [|(u = v)rllLromy < ||f — gllLr(om) < € by the first part of the theorem. so

lur — fllzropy < 26 + [lvr — gllLr(om)-

Now,
lor = gl (om) = /_ [o:(e") = g(”)|” A6 < 27 [0, — gII%, o)
S”UT_gHIz,P(a'Dz)
implying that ||v, — g||zr(spy < € forall » — 17, as v = P[g] and g € C(ID). O

The more difficult question is the pointwise convergence u,.(¢*?) = of (e'?) for u = P[f] with mere as-

sumption f € L'(0D) (notice that L? (D) C L'(9D) by Holder’s inequality if p > 1)

8.2 Approach Regions

Let 0 < o < 1. We first defne a non-tangential approach region related to z = 1. Let

Qo =B0,0)U ] [21].
z€B(0,a)
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/ T

radius o/ —

Figure 8.1: Region €,

This is the smallest convex set containing B(0,«) and having z = 1 in its boundary. Near z = 1, Q, is a
sector bisected by the radius of D terminating at 1. Curves that approach 1 within Q, cannot be tangent to
0D, and so (), is called a non-tangential approach region with vertex 1. Rotated copies with vertex at
e't € oD are denoted by ().

Definition 8.2.1. A function F, defined in I, is said to have a non-tangential limit ) at ¢?’ € JD if, for each
O<a<l,
lim F(z;) = A
j*)OC
for all sequences {z;} € €€, with {z;} — €%.
We want to show the following result.

Theorem 8.2.2. If F = P|[f] for f € L'(dD), then F has non-tangential limit f(e?’) at every Lebesgue point
e of f.

Recall that for a locally Lebesgue integrable function f on R?, a point z in the domain of f is a Lebesgue
point if
1

limi/ fy) — f(x)|dy = 0.

r—0+ M(B(J?,?“)) B(zﬁ)‘ ( ) ( )‘
where p is the Lebesgue measure. The Lebesgue points of f are thus points where f does not oscillate too
much, in an average sense. The Lebesgue differentiation theorem states that, given any f € L{. (R?)
(i.e., has finite L? norm on every compact subset K of R%), almost every z is a Lebesgue point of f. In our

case, it can also be written as
: 1 i0 _
Jim, — [ 1) = f(e)ldotw) = 0

where I — ¢ stands for the open arcs centered at ¢*’ shrinking to ¢ and o is the normalized surface

measure on JD. That is, we essentially have d¢/27 on [—n, 7] if we think of f as a function on [—7, 7] via
0+ f(e"). So (D) = 1, o(I) =length of the arc I.
If f is continuous, trivially every point is a Lebesgue point:
<e on I for sufficiently small I
1 / — o(I)

o) If = () <€m:5'

Lebesgue differentiation theorem says that o{e¢?’ € D | € is not a Lebesgue point of f} = 0. Thus, if we
show that f € L'(0D) = F = P[f] has non-tangential limit f(e?) at a.e. €% € D.
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proof of Theorem 8.2.2. Fix a Lebesgue point e? € 9D of f. Let g(2) := f(z) — f(e*%). Then by definition of

Lebesgue point,
1
lim —— do = 0.
13&0ULKW|U

Pick ¢ > 0. Thus, we can pick a small enough arc I, centered at ¢*? such that

1
;GyKMMJ<E (8.2)

for all arcs I C I, centered at .

We decompose g = go + g1, where gg := g|7, and g1 := g — go = glap\1,- Let Fy := P[go] and Fy := Pg,]. We
want to show P[g](e) M, 0 for the Lebesgue point ¢ (NT means “nontangentially”; the notation reads as
function P[g] has nontangential limit 0 at point ¢*?), because this gives P[f](e?) N (). To do so, we
will first show Iy N .

Fix {z;} converging to e? where zj € e?Q),, for some fixed 0 < a < 1. We recall from (4.8) and (4.9) that
We can write P[h] for a function h € C(9D) as

. 1 /™
Vz=re? cD: Plh](z) = o h(e™)P,.(0 — t)dt
™ —Tr
_ 1/ ity 1= |27
C2m ). hle )\eit - Z\th

= h(e®)P(z,e")do(e™).
oD

where P(z,e) = P.(0 —t) = (1 — |z]?)/|e" — z|? for z = re'? (the Poisson kernel can be seen as a function
of r,0, and t) and recall that ¢ is the normalized surface measure on 9. Now

N 2 e ale)do(eit) — 1_|Zj‘2 eMdo (et
Fl(zﬂ)/@m\fop(” Ja(e)do >f/ g(€")do (i)

D\ I, et — ;|2

In this integral, z; stays away a positive distance from each e € 9D \ Iy, so |e’* — z;| = 1 (uniformly on
e € oD\ Iy and z;).
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Thus,

1— |z

mg(eit) S- \Zj|)\9(6it)|
J

— [Fi(2)] S <1—|zj\>/\g|daﬁ_°°>o
\W—’

<00
- Fl(Zj) ﬁ_oo) 0.

We will show |Fy(2;)| Sa € Vy. This implies |P[g](z;)| < |Fo(z;)| + |Fi(zj)] < Cae + ¢ for all large j. Since
¢ is arbitrary, this implies P[g](z;) 222 0. But

Plgl(z;) = PIf — £(e?)](z5) = PIf](z) — £(e”)

implies that P[f](z;) 2225 f(e™), as desired.

However, the proof of the fact |Fy(z;)| <o € Vj needs us to introduce new tools utilizing the nontangential
approach of {z;} to €%, i.e., z; € €?Q,, Vj. The idea is as follows: recall the the Hardy-Littlewood
maximal function of g is

, 1
Mgo(e'™) := sup 7/|gold0
I

I arc centered at et U(I)

where 0D is understood as an arc here as well. We want to use the fact that Mgy (e??) < ¢, since

8.2
/|go\do'=/ gldo 2 ca(In 1) < eo(D)
I INIy

for all arcs I C D centered at e*.

We also define the nontangential maximal function N,h for any function 4 in D by setting
Nah(e™) = sup {|h(z)| : z € €"Qq }

for all e € D (so h defined in D but N,k in OD.) Then Vz € €¥Q,, |Fy(z)| < NoFp (€). In particular,
|Fo (2)] < NoFy (€%). Now if we assume the claim N, (P[go]) (%) Sa Mgo(e™), then

NoFo(e'”) = Na (Plgol) () Sa Mgo(e™) < e
= VJ, [Fo ()| < Cac

ending the proof. We shall prove the strengthened form of the claim we assumed in theorem 8.3.2. O

8.3 Maximal Functions

We first introduce a new variant of maximal function.

Definition 8.3.1. We define the radial maximal function as
Myaqh(e'®) = sup{|h(re®)| : 0 < r < 1}

for a function h on D.

We will then prove the promised estimates of maximal functions.
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Mma’/l(eig) “akeS
S”f’ "7‘ﬁ //\/ over 24i's line

Nk (€7®) +ates

Sup of |h| over reqion elv g,

Theorem 8.3.2. Assume 0 < « < 1. Then there is C,, > 0 with the following property: if f € L'(dD), f > 0,
F :=P[f], then

Vel € D, CoNoF(e) < MaqF(e) < M f(e'?),
Remark 8.3.3. The set over which M,,qh(e??) takes the sup of |h| is much smaller than that for N,h(e'),
as shown in the figure.

Therefore, we always have
Noh(e?) > Myagh(e?).

The non-trivial direction N,h(e??) <, M;.qh(e?) works for functions h of the special form h = P[f], f €
L' (D). Also the second inequality connecting M,.q(P[f]) to M f needs some work as well.

proof of the theorem. We will prove 3C,, such that C, N, F(1) < M;.qF (1) < M f(1); this is the case § = 0.
The general case follows by a rotation.

1. NoF(1) < MyagF(1).

We compute that

N, F(1) = sup P(z,e") f(e')do(e™)
2€Q, |JOD Hf—lifo_/

= sup P(z,e") f(e)do(e™)
2€Q4 J oD ~——

will prove: <, P(|z],e"), Vz € Q,, Ve € OD

A\

sup [ P(|z],e") f(e")do(e™)
2€Q J OD

= sup P(r,e”)f(e”)do(e“)
0<r<1.Jap

=P[f](r)
- radF(1)7
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provided we prove the pointwise estimate that for some C,,

CoP(z,e™) < P(|z],e™), Vz€ Q,,Ve € OD.

As | |2
. 1—|z
P(z,e%) = —"2
( ? ) |€it _ Z|2
, 1—|z|?
P (|z],e") = ———
Uhe) = e
we must prove for r := |z|, ‘ A
*) et —r e —z
( ) Ca| it | § ‘ 1t |
Now, we observe a geometric feature of 2, that
Z—r z— |z
|1—r| = |1—|ZI| Sal, VzeQ,
Thus, _ _
’e” —r| < |e” — z| + ]z —r|

< et =z +Ca(l-7)
——
>leit|—|z|=1—r
< (1+4Cq) e — 2|
which shows (k). We thus proved N, F(1) <, MyaaF(1).
2. Mg F(1) < Mf(1).
This requires us to show

/ P(r,e™) f(e™)do(e™) < sup ][fdcr, Vo <r<1,
o 1

I arcs centered at 1

Recall P(r,e') = % We fix r and choose open arcs Iy C I C --- C I,_1 centered at 1 and set
I, = 9D (we will eventually choose thhis s.t. the end points of the arcs form a fine partition of 9D.) Notice
that |e’* — r| becomes larger as e’ € 9D moves away from 1 € dD. So the bigger the arc I;, the bigger
le® — r| can be as e € I;; so P(r,e") obtains smaller values on the bigger I; (¢ — P(r,e') decreases as t
ranges from 0 to 7.) Define \; := infeitejj P(r,e*) > 0 (recall r is fixed). Then A\; > X\ > --- > X, and

P(r,e") > X\l Ve € 9D. We will approximate P(r, e'*) with the step function

K, =K:=> (A —X\)lp,.
Jj=1
Notice that if e’* € I, \ I;_ with I, = @ we have

n

K(e") = Z(Ai — Xip1)1g, (")

= Z()\i — Ait1)
i=j
be. e e [\I;—y = e ¢ L;Vi<j—1lande” €I,Vi>j
= (A = A1) + (N = Ajg2) o+ et = An) + (A = Anga)
= )\j - )\n+1
——
=0 by defn.
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Since Ve' € 0D, P(r,e) > A;1;, and we just showed Ve’ € I; \ I;,_1, K(e") = A;, we see P (r,e’) >

K (e™) for e" € dD. Clearly, the fact that on I;\I;_; we have

K (") =)= P (r,e) = v (r:e")

means that K = K, — P(r,-) uniformly on D if we make the partition I;\I;_; finer and finer (the last
equality comes from the fact that P(r, ¢’*) is lower bounded by a larger value \;_; on I;_;, compared to \;.)

So we essentially now estimate

/aDK (eit) f (eit) dO’ (eit)

=>» (N — )\j+1)/l f(e")do (&)

1 J

<.
Il

So(I;)Mf(1)

3

<MY (Aj—Njy1)o ()

=1 as Poisson kernel has 5-- [ P,.(6)d0=1, Vr<1
—Mf(1).
The limit K = K, — P(r,-) gives

/ P(r,e") f(e")do (") < Mf(1), Vo <r <1,
oD

and so M,.qF (1) < M f(1).

O

Recall that we proved earlier that || F,.||.rop) < || fllzrap), 1 < p < 00,0 <7 < 1if F' = P[f]. The above

gives a stronger result: if 1 < p < oo (we emphasize that p # 1), then

INaFllzrop) Sa IM fllzeopy S I fllze(om)

using the fundamental LP-to-L?, 1 < p < oo, estimate of M:

Theorem 8.3.4. We have that M : L! (R?) — L»* (R?) boundedly - i.e.,

M fllpree SN A1

Forall 1 < p < oo and f € LP we have
M fllp S 11 lp-

Proof. See Henri’s Math5051 note.
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Notice that (8.3) is a much improved L? estimate. Indeed,

By (€)] = |F ()] < MosaP (1) < NuF (&)
Remark 8.3.5. For p = 1 there is a L' — L1*° type estimate for N, F

0 (NoF > X)) <o(Mf>Cu)) Za §/|f|da, YA > 0.

Recall that given f € L?(0D) the function P|f] is harmonic in D. How about the converse: given a harmonic
function F' in D, how to tell if it is the case F' = P[f] for some f € LP(9D)? Recall that if it is, then

HFT”Lp(a]D)) < ”fHLP(a]D)) SO SUPg<r<1 ||FT||LP(6]DJ) < 0.

Theorem 8.3.6. Suppose F' is harmonic in D, 1 < p < oo. If supg<, . | Fr||Lr(op) < 00, then 3!f € LP(OD)
s.t. F =P[f].

Remark 8.3.7. For p = 1 there is a version where F' = P[dy| for a unique "complex Borel measure” y on
dD. See [12] p.239-p.245.

To get a taste of the p = oo case on what can be said about existence of boundary values, we prove the
following result.

Theorem 8.3.8. To every f € H there corresponds a function f* € L>°(9D) defined at every Lebesgue
point of f by _ _
J*(e) = lim o (e).
r—

The equality || f*|| L (op) = ||fllcc := [|f|| 2 (p) holds. Moreover, if f*(¢*’) = 0 a.e. on some arc I C 9D, then
f=0inD.

Proof. As f € H>, we have f harmonic as analytic, and supy<,. 1 ||fr[|z~(p) = [|f+|lp < oo, so by previous
theorem, there is a unique function g in L°°(9D) such that f = P[g]. Then if we define f* = g, Theorem
8.2.2 and Lebesgue differentiation theorem imply that f = P[g] has nontangential limit g(e?®) = f*(¢*?) at
a.e. ¢ € 9D. To prove the first claim || f*|| o (op) = || f||c0, DoOtice that | f*| = lim, 1 || < limy—1 || f]leo =
[ flloc- Thus, [[f*[| = @py < [ fllec- But we also know

[fllsc = sup [[frll oo (opy = sup [(PLaDrll Lo (om)
0<r<1 o<r<i1

<llgllzee amy=IF*Il Loo (omy, Y7
<If lpe(omy  (recall [[(P[A])r|[zrom) < [|AllLr(omy, 1 < p < 0)
Thus, || fllso = I/ "]l (om)-

For the second claim, we note that if f*(¢’’) = 0 a.e. on the whole circle 9D, then || f||lso = || /*|| = (op) = 0, sO
f =0 (see [7] p.236 defn. of L> norm and Problem 12; continuous function has its infinity norm equivalent
to the one defined supremum but the original one applied to f* is defined by least a.e. upper bound.) We
left as an exercise to check the case f* only vanishes a.e. on some arc (use rotation argument.) O

8.4 Hardy Space

Recall if f € H(D) we have used the notation f, (e'?) = f (re’) to have a family of functions f,,0 < r < 1,
defined on the boundary dD. As previously, we use the measure o (normalized surface measure on 9D ~
dt/2m on [0, 27]) on ID, and

”f'Hp = HfTHLp(U’aD)
= (faD|f7-|de)l/p, 0<p<oo
Supy |f (re”’)| , p = oo.
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In view of the Nevanlinna space N (see Math5022 HW7Q4), we also set

1l = exp ( [ e Ifrldff) ,
oD

log" s =logs, s>1

where

logts=0, s<1.

Definition 8.4.1. If f € H(D) and 0 < p < oo, we set

[fllp := sup [[frllp
0<r<1

Then the Hardy space is
H? := {f € HD) : ||f]l, < o0}.

(notice that in the case p = oo this agrees trivially with our previous definition of H>°.) Also, let
N:={f e HD): [|fllo < oo}
Lemma 8.4.2. Wehave H* C HP C HIC Nif0< g <p < oo.
Proof. Proof. Math5022 HWS (easy). O
Remark 8.4.3. (1) Notice that for 1 < p < co, H? is a normed space (by Minkowski inequality of the usual

LP space.) It is also a Banach space (complete normed space; see Math5022 HWS).

(2) We want to record that actually
£l =l 7], 0<p < oo

This follows since 7 — || f, ||, is a nondecreasing function of r for every f € H(D). Indeed, for p = oo, this

follows from the maximum modulus principle. For p < oo we must use the fact that log™ | f| (for p = 0) and
|f|P (for o < p < o0) are so-culled subharmonic functions, weaker variant of harmonic functions, and for
such functions MVP holds in the following sense (see [12] Theorem 17.5.)

Theorem 8.4.4. Suppose u is a continuous subharmonic function in U, and

m(r) ! /Tr u (rew) dd (0<r<1).

T om

If 1y < ro, then m (r1) < m(ra).

This theory of subharmonic functions is straightforward but we omit it for now. Just need to know that it
gives a nondecreasing function 7 — || f, |, for p < oo as well.

Notice that the definition of Hardy spaces are tailored to directly give that if f € HP, 1 < p < oo, then f =
P[f*] for some f* € LP(9D) (by our previous theory since analytic functions are harmonic) and f — f* (e')
non-tangentially for a.e. e? € 9. We also know that then [Nafll o omy S I pe(om)> 50 Nof € LP(ID).

But what about 0 < p < 1? Turns out that still 3f* € LP(dD) such that f — f* non-tangentially and
N, f € LP(OD). But this is harder to prove and requires factorizations. We do this now.
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Theorem 8.4.5. If f € H*, f not identically zero, define for 0 < r < 1,

o) 5= o £, ()] 0

i) = f logf () ds
Then,
@))] ﬂr(f)g,us(f)v 0<r<s<l,;
(2) pr(f) — log|f(0)] asr — 0;
3 pr(f) <p*(f), 0<r<l.

Remark 8.4.6. The first inequality is true philosophically because also log|f| is subharmonic. However,
often the flow of logic goes so that this theorem is first proved independently (without any mention of
sobharmonicity) and then this theorem is used to show that log | f| is sobharmonic, which actually implies
the fact used previously that so are then log’ |t| and |f|?,0 < p < co. Thus, we prove this the directly.

Proof. We use Jensen’s formula. Put g(z) = fz (2) where m > 0 is the order of the zero of f at z = 0. Then

OEroni ﬁ — exp (1r(9))

where ay,...,a, are the zeros of g in B(0,r) and we set r s.t. g # 0 on dB,.. Obviously the LHS of (x) can
only increase as r increases, showing (1) for g. But p..(f) = p-(9) + mlogr, so (1) is true for f as well.

For what follows we assume WLOG |f| < 1. Notice that f, — f(0) asr — 0 and f, — f* asr — 1. Now,
s . T 1
. 10 .
N————’

non-negative function
as 1/|f-| > 1 (can be o©)

Recall Fatou’s lemma that for non-negative sequence of functions h,, n = 1,2, ---, we have

/lim inf A, <lim inf/hn

pe (1) =f ol ()| do = { i log] 1, ()| a0

—T

Thus,

atou

T 1 F T 1
= - lim log ———df > —lim/ log ————df
][_wl S15 ()] o1 )BT ()]
————

>0
. (1)
= lim p1, (f) === sup p,(f),
r—1 r<l

This shows (3). Similarly,

. I T 1 T 0
if pr(f) = lim pn(f) = }grg)]{ﬂ log | fr(e)[d¢

” Fatou

1 4 1
= — lim log ———df < —][ lim log ————d#
o) B ()] o0 BT ()]
—log |£(0)]
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How to see u,-(f) > log |f(0)| Vr? If £(0) = 0 then trivial. If f(0) # 0, then Jensen’s formula gives

log | f(0)] = Zlog7+ (f) < pe ()

h/—’
<0

Thus, (2) holds. L]

We now have a much stronger uniqueness statement than the "moreover,...” part in Theorem 8.3.8 (the
elementary proof of which is math5022 HW8Q1.) Indeed, notice that now there already is some (many) rg
such that | f| does not vanish on 9B(0, ). Then,

1 (f) = Sg}gur(f) > iy (f) > —o00

implying f*(e*?) # 0 for a.e. e € OD. That us, for a non-trivial f € H> we must in fact have f* () # 0
a.e. while previously we only knew f* cannot vanish a.e. on some arc!

We end this section with a theorem on Blaschke product for which we left as an exercise its proof (see
Math5022 HWS; using previous theorem).

Theorem 8.4.7. Consider the Blaschke product

_ de]a |aﬂ|

where a,, € D\{0} satisfy 3 (1 — |a,|) < co. Then |B* (¢")| =1 (B* € L>(0D) exists as B € H>) almost
everywhere and

}EJ{W log | B (re”)| d6 = 0.

8.5 Factorizations of Functions in Hardy Spaces

The factorizations of functions in Hardy space uses results on Blaschke products in a critical way. In turn,
these factorizations are absolutely fundamental for Hardy space theory.

Recall the Nevanlinna space
N:={f e HD): [|fllo < oo}
where | f,]lo = exp ([,plog™ | f,|do) and || ||, := supg<,q [|lfr]lp for 0 < p < co. In Math5022 HW7Q4, we
showed that
FEN = Y (1—lan]) <00 (%)

(where (%) is a necessary and sufficient condition for the Blaschke product to converge; see Theorem 6.7.3.)
Since H>® C HP C N Vp, the condition (x) is also satisfied in all Hardy spaces. In particular, we can
always construct, given f € N, the Blaschke product B associated with the zeros (a,,) of f satisfying ().
The following shows we can divide out the zeros without increasing norm.

Theorem 8.5.1. Let f € N, f # 0, and let B be the Blaschke product with zeros of f. Put g := f/B. Then
g € N with [|gllo = | fllo- Also, if f € H then g € H? with |gll, = | ],

Proof. As|B(z)| < 1wehave |g(z)| > |f(z)| pointwise, so ||g||, > || f|l, is always clear. For reverse inequality,
let p = 0 first. Notice that log™ 2y < log™ = +log™ y (the inequality comes from the case that x or y is smaller
than 1; otherwise equality holds). Thus,

log™ [g] < log™ | f|+log" E
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and it implies
T ; T . . 1
eXp (][7T log™ ‘9 (re 9)| d9> < exp <][7r10g+ |f (re 9)\ d0> - exp </7T log™ |B(rei‘9)|d0> ,0<r < 1.

Recall from Theorem 8.4.7 that -
nmf log | B(re'?)|df = 0
r—1 o

Since the Blaschke product has |B| < 1 we see log™ (1/|B|) = log(1/|B|) and
T 1 T i r—1
logt ————df = —][ log |B (re'®)| dd === 0.
J 108" a0 = _1os|B (re”)|
Then Remark 8.4.3 (2) gives

lgllo = lim llgrlly < lim 11+l = I o

Let then p > 0. We let B,, be a finite Blaschke product formed with the first zeros in the sequence a1, as, . ..
Put g,, := f/B,. Recall that |1, (z)| = 1 if |2| = 1 and one can then check | B,,(re*?)| — 1 uniformly as r — 1.

Thus if p < ©
, 1/
_1. ree?) PN
lgnlp = lim B eny| 7)) T /1l
and, for p = oo,
e
lgnllo = 711_{% Sgp W =[[flls-

As |B,,| can only decrease as n increases, |g1| < |g2] < ---. Recall ¢ = f/B. Then, with fixed r, we use

monotone convergence theorem to see
ngHp = nlggo H(gn)THp

But [[(gn),.[l,, < llgnll, = [1fllp, ¥7; s0 [lgr[l,, < [f]lp, which implies [|g[|, <[ f]|,- O

The factorization is the key for p < 1 since it allows to use the theory of H? (e.g. existence of h* for h € H?)
when proving results in H?.

Theorem 8.5.2. Suppose 0 < p < oo, f € HP, f # 0, and B is the Blaschke product formed with the zeros
of f. Then there is a nonvanishing function h € H? such that
f=B-n¥".
In particular, every f € H! is a product
f=gh

in which both factors are in H2.

Proof. By Theorem 8.5.1, f/B € H?; in fact, || f/B||, = || fllp- Since f/B has no zero in U (dividing B rules
out all zeros of f) and U is simply connected, there exists ¢ € H(U) so that exp(¢) = f/B (Theorem 2.3.8).
Put h = exp(pp/2). Then h € H(U) and |h|* = |f/B|?, hence h € H?, and (1) holds. In fact, [|2[|3 = || f]3.

Also, f = BL = Be¥ =B (eW/Q)2/p = Bh?/?, For p = 1, we can write this in the form f = (Bh) - h, where
h € H? and Bh € H2. O
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Even it we would not care about H? for p < 1, definately we want to understand H' and for instance,
existence of boundary values in H*'. Luckily this now works, since we can use 3B* (as B € H> and we even
know |B*| = 1 a.e.) and 3h* for h € H?. These are some of the most important properties of H? functions.

Theorem 8.5.3. If 0 < p < o0 and f € HP, then
(a) the nontangential maximal functions N, f are in LP(0D), for all a < 1;
(b) the nontangential limits f* (¢’) exist a.e. on dD, and f* € LP(9D);
(c) lim,_q ||f* — f,,A||p =0, and
@ 1771, = 11p

Proof. Notice (a)-(b) hold clearly if p > 1 (as already discussed previously; f = P[f*] for f* € LP(0OD),
f — f* nontangentially and || Nof[| ., = [[Na P [f*]llo S I1f* (202

Now, if 0 < p < 1, we use the factorization f = Bh?/?, where B is a Blaschke product and h € H? is
non-vanishing. Since |f| < |h|?/? we get

Naf ()" = sup TP = [Nk (7))

and so
2
[Nef Il ooy < ”NahHL/?IEaD) <

as Noh € L?(9D) for h € H?. Thus, N, f € L?(0D) and (a) holds. Similarly, 3B* (as B € H> and we even
know |B*| = 1 a.e.) and 3h* € L? (as h € H?). So nontangential limits of f, say, f* = B*h* /P exist a.e.
Also f* € LP(9D), since obviously |f*| < N,f € LP(9D), so (b) holds. Thus (a)-(b) hold V0 < p < oo. For
(c), we compute

T [[* ~ f.]2 = lim /BD £ (6) — £, ()" do
?

= lim |f* (6”) — fr (ew)|pd0

oD r—1

=0 by (b)
=0.

“?” follows by dominated convergence theorem: the sequence (f* — f,), has an integrable dominant:
lf* = frl < f"+ Nof €LP Vr

(c) holds. For p > 1, (d) follows from (c) by triangle inequality:

—1
L = el < 5= Frllp b—> 0
y (©)

For p < 1 it s easy to see that ||hy — ha |2 < ||hy[[5+ [[hlB, Vh, ho. Thus, 0 < || f* = fo |5 > |[|f*]5 — [I£+][5]-
O

Finally, for p > 1 we had the nice representation f = P [f*]. What kind of representation for f holds if just
f e HY? Let f € H',r < 1, and define f(z) = f(rz). Then f is analytic in the larger disc B(0,1/r) D D. So
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f can de represented by the Cauchy formula, for z € I, as

109 =) = 5 | 1 ©) 4¢

2 Jop € — 2
1 T F eit )
= — f( ) ’l:@ltdt
2mi J_, et — 2
™ fr (eit>
e l—eTiz

Recall from prev. thm. that f, — f* in L. Thus

‘ T f, (eit) » ™ (eit) dt‘

— et it
. l—etz _al—etz

1 T 7 * 7
<af p s
—»0asr — 1.

Also f (rz) — f(2). So,

™ * (it
o= f
1 IO

T2 Jop E— 2
Thus this Cauchy formula for f in terms of f* holds for f € H!.
Is there a Poisson formula? Yes, actually, this still works in H'. We go through f again.

By the uniqueness of the solution of the Dirichlet problem

Au=0 inD
u=f on oD
we must have, for z € D, ~
f(rz) = f(2)
I it\ F (it
=5 _WP(z,e‘t)f(e f) dt

_ ][ P (z¢) £, () dt,

—T

Again, use that with 2 € D fixed, ¢ — P(z, ') bounded, and f, — f*in L' to get f(z) = §"_ P(z,€™) f*(e™)dt.
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Chapter 9

More Topics (TBD)

9.1 Hardy Spaces on H
Chapter 2 of [4] introduce hardy space on D and H at the same time. Some of the preparatory work is on H
too in chapter 1 (below is a part of it)
The convolution (8.1) reflects the fact that the space of harmonic functions on I is invariant under rotations.

Map D to the upper half plane H by w — z(w) = i(1 — w)/(1 + w). Fix wy € D and let zy = z (wp) be its
image in H. Our map sends D to R U {oo}, so that if w = ¢ € 9D, and w # —1, then z(w) =t € R.
Differentiation now gives

1 do

Y .
%ng (6) 0 =P, (t), zo=x0+ iyo.

1
dt 7 (2o —1)° + 43

The right side of this equation is the Poisson kernel for the upper half plane H, P, (t) = P,, (zo —t). (The
notation is unambiguous because z, € H but yo ¢ H.)

As in remark 4.2.2, we emphasize that we're only defining u in (8.1). If u is harmonic on D) and continuous
on dD, i.e., solves (Dir),, then the Poisson integral formula holds for any r < 1:

u(re“g)

_ 2i / " B0 = Hu(e®)dt

T™J
Proposition 4.2.5 takes care of the boundary case r = 1:

lim wu(re?) = u(e®).
r—1-

Now, to obtain an analog of Poisson integral formula for H, we assume u(z) is continuous on H U {co} and
harmonic on H. By corollary 7.1.3, we can apply the Poisson integral formula for D to w o z on wp. Then the
change of variable yields

u(z) = /_ T P tu(t)dt = /_ T Py — Du(t)dt. ©.1)

When ¢ € R is fixed, the Poisson kernel for the upper half plane is a harmonic function of z, because

P.(t) = %Im (tlz) .
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From its defining formula we see that P.(t) < c./ (1 + t*), where c, is a constant depending on z. Conse-
quently, if 1 < ¢ < oo, then P, (t) € L?(R), and the function

M@:/ P.()f(t)dt 9.2)

— 00
is harmonic on H whenever f(¢) € LP(R),1 < p < co. Moreover, since P, () is a continuous function of

t, (9.2) will still produce a harmonic function u(z) if f(¢)dt is replaced by a finite measure du(t) or by a
positive measure du(t) such that
/ b Ld (t) <
L1yt

(so that [ P.(t)du(t) converges). Now let f(¢) be the characteristic function of an interval (¢i,¢2). The
resulting harmonic function

mazl@%@—w@

1

called the harmonic measure of the interval, can be explicitly calculated. We get

(2) 1 z—to o
w(z) = —ar =—,
T & z—11 T

where « is the angle at ~ formed by ¢; and ¢;. See Figure 9.1. This angle « is constant at points along the
circular arc passing through ¢, z, and ¢, and « is the angle between the real axis and the tangent of that
circular arc.

7 1o
Figure 9.1: A level curve of w(z).

The Poisson integral formula for the upper half plane can be written as a convolution
u(z) = /Py(x —t)f(t)dt = (P, = f) (x).

This follows from the formula defining the Poisson kernel, and reflects the fact that under the translations
z — z + xg,xo real, the space of harmonic functions on H is invariant. The harmonic functions are also
invariant under the dilations z — az,a > 0, and accordingly we have

Py(t) = (1/y)Pr(t/y),
which means P, is homogeneous of degree —1 in y. The Poisson kernel has the following properties:
@ Py(t) >0, [ Py(t)dt = 1.
(i) P, is even, P,(—t) = P,(t).
(iii) P, is decreasing in ¢ > 0.

(iv) P,(t) <1/my.
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For any § > 0,
(V) supyy s Py(t) — 0(y — 0).
(vi) f\t\>5 Py(t)dt — 0(y — 0).
Moreover, { P,} is a semigroup.
(vil) Py, * Py, = Py, 4y,-

The first six properties are obvious from the definition of P,(¢), and properties (iv)-(vi) also follow from the
homogeneity in y. Property (vii) means that if u(z) is a harmonic function given by (9.2), then u (z + iy;)
can be computed from u (t +iy1),t € R, by convolution with P,. To prove (vii), consider the harmonic
function u(x + iy) = Py, 4, (). This function extends continuously to H U {oo}. Consequently by (9.1),

Pyrin(e) = [ Prale— ult)dt = (P, + P,y) (o).

An important tool for studying integrals like (9.2) is the Minkowski inequality for integrals:

Proposition 9.1.1. If x4 and v are o-finite measures, if 1 < p < oo, and if F(x,t) is v x u measurable, then

H / Pz, dv(z)

< / | F (2, o (o).
LP(p)

Proof. This is formally the same as Minkowski’s inequality for sums of LP(u) functions and it has the same
proof. The case p = 1 is just Fubini’s theorem. For p > 1 we can suppose that F'(z,t) > 0 and that F'(x,t) is
a simple function, so that both integrals converge. Set

Gt) = ( / F(x,t)dy(x))p_l.

p—1

Then with ¢ = p/(p — 1),

)

LP(p)

I1GlLag) = H/F(m)dV(w)

and by Fubini’s theorem and Hoélder’s inequality,

H / F(z,t)dv(z)

p
= /G(t)/F(x,t)dV(x)du(t)
Lp(p)
= //G(t)F(m,t)du(t)du(m)
< [ 160200 |F @) 100 d(o)
161 [ I 8) 20000 o)
Canceling |G| () from each side now gives the Minkowski inequality. O

Using Minkowski’s inequality we obtain

1/p
([1enra) " <ifl, 1<p<x. ©.3
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ifu(z,y) = P, f(x), f € L?; and
/ fu(z, y)|de < / dul 9.4)

if u(z,y) = Py * p = [ Py(x — t)du(t), where p is a finite measure on R. For p = oo the analog of (9.3),
sup,, |u(z, y)| < || flloos is trivial from property (i) of P, (¢).

Theorem 9.1.2.
(@ Ifl<p<ooandif f(x) € LP, then

IBy* £~ fll, =0 (y—0).

(b) When f(x) € L*™, P,  f(z) converges weak-star to f(z).
(c) If dp is a finite measure on R, the measures (P, * ) (z)dx converge weak-star to du.

(d) When f(x) is bounded and uniformly continuous on R, P, * f(z) converges uniformly to f(x).

9.2 Bergman Kernel

Readings: [5], [8], [1].
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Chapter 10

Appendix

To smoothen our discussion, we copy some sections from [14].

10.1 L? Spaces and Banach Spaces

Let (X,.A) be a measurable space and p a measure on it. The measure y is called a o-finite measure, if it
satisfies one of the four following equivalent criteria:

1. the set X can be covered with at most countably many measurable sets with finite measure. This means
that there are sets Ay, Ay, ... € Awith y(A,) < oo for all n € N that satisfy ( J,, .y An = X.

2. the set X can be covered with at most countably many measurable disjoint sets with finite measure. This
means that there are sets By, Bs,... € A with 4 (B,) < oo foralln € Nand B, N B; = @ for ¢ # j that
satisfy (J,,cny Bn = X.

3. the set X can be covered with a monotone sequence of measurable sets with finite measure. This
means that there are sets C1,C5,... € Awith C; € Cy C --- and u(C,) < oo for all n € N that satisfy
UnEN Ch = X.

4. there exists a strictly positive measurable function f whose integral is finite. This means that f(x) > 0 for
allz € X and [ f(x)p(dz) < co.

If 11 is a o-finite measure, the measure space (X, A, i) is called a o-finite measure space.

Throughout this section (X, F,u) denotes a o-finite measure space: X denotes the underlying space, F
the o-algebra of measurable sets, and p the measure. If 1 < p < oo, the space LP(X,F, u) consists of all
comple-xvalued measurable functions on X that satisfy

/ |f(z)[Pdp(z) < oo. (10.1)
JX

To simplify the notation, we write L? (X, u1), or LP(X), or simply L? when the underlying measure space has
been specified. Then, if f € L?(X, F, u) we define the LP norm of f by

I lzmcem = ([ If(fc)pdu(x)>1/p.

We also abbreviate this to || f||rs(x) || fllz», or ||f],- When p = 1 the space L'(X,F,u) consists of all
integrable functions on X, and we have shown in Chapter 6 of Book III, that L' together with | - ||.: is a
complete normed vector space. Also, the case p = 2 warrants special attention: it is a Hilbert space.
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We note here that we encounter the same technical point that we already discussed in Book III. The problem
is that || f||L» = 0 does not imply that f = 0, but merely f = 0 almost everywhere (for the measure ).
Therefore, the precise definition of L? requires introducing the equivalence relation, in which f and g are
equivalent if f = g a.e. Then, L? consists of all equivalence classes of functions which satisfy (10.1). How-
ever, in practice there is little risk of error by thinking of elements in L? as functions rather than equivalence
classes of functions.

The following are some common examples of LP spaces.
(a) The case X = R? and 1 equals Lebesgue measure is often used in practice. There, we have

1 = ([ epas) "

(b) Also, one can take X = Z, and p equal to the counting measure. Then, we get the ”discrete” version of
the LP spaces. Measurable functions are simply sequences f = {ay},,., of complex numbers, and

oo 1/p
[fllze = ( > |an|p> :

n—=——oo

When p = 2, we recover the familiar sequence space ¢?(Z). The spaces L are examples of normed vector
spaces. The basic property satisfied by the norm is the triangle inequality, which we shall prove shortly.

The range of p which is of interest in most applications is 1 < p < oo, and later also p = oo. There are at
least two reasons why we restrict our attention to these values of p : when 0 < p < 1, the function || - ||z»
does not satisfy the triangle inequality, and moreover, for such p, the space LP has no non-trivial bounded
linear functionals.

When p = 1 the norm || - ||;: satisfies the triangle inequality, and L' is a complete normed vector space.
When p = 2, this result continues to hold, although one needs the Cauchy-Schwarz inequality to prove it.
In the same way, for 1 < p < oo the proof of the triangle inequality relies on a generalized version of the
Cauchy-Schwarz inequality. This is Holder’s inequality, which is also the key in the duality of the L? spaces,
as we will see in subsection 4.

The Holder and Minkowski inequalities
If the two exponents p and g satisfy 1 < p, g < oo, and the relation

1 1

=1

p q
holds, we say that p and ¢ are conjugate or dual exponents. Here, we use the convention 1/00 = 0. Later, we
shall sometimes use p’ to denote the conjugate exponent of p. Note that p = 2 is self-dual, that is, p = ¢ = 2;
also p = 1, oo corresponds to ¢ = oo, 1 respectively.

Theorem 10.1.1 (Holder). Suppose 1 < p < oo and 1 < ¢ < oo are conjugate exponents. If f € LP and
g € L9, then fg € L' and
gl < 1 fllzellgllze-

Note. Once we have defined L the corresponding inequality for the exponents 1 and oo will be seen to be
essentially trivial.

The proof of the theorem relies on a simple generalized form of the arithmetic-geometric mean inequality:
if A,B>0,and 0 <6 <1, then
A’B'70 < 9A+ (1-6)B. (10.2)

152



Complex Analysis Anthony Hong

Note that when § = 1/2, the inequality (10.2) states the familiar fact that the geometric mean of two
numbers is majorized by their arithmetic mean.

To see (10.2), we observe that we may assume B # 0, and replacing A by AB, we see that it suffices to prove
that A? < 0A + (1— 0). If we let f(z) = 2¥ — 6z — (1 — 0), then f'(z) = 6 (2%~ — 1). Thus f(z) increases
when 0 < z < 1 and decreases when 1 < z, and we see that the continuous function f attains a maximum
at x = 1, where f(1) = 0. Therefore f(A) < 0, as desired.

To prove Holder’s inequality we argue as follows. If either ||f||.» = 0 or ||f||z« = O, then fg = 0 a.e. and
the inequality is obviously verified. Therefore, we may assume that neither of these norms vanish, and after
replacing f by f/||fllr and g by g/||g]|L«, we may further assume that || f||zr = ||g||L« = 1. We now need to
prove that || fg||.1 < 1.

If weset A=|f(x)?,B =|g(z)|%, and § = 1/p so that 1 — § = 1/¢, then (10.2) gives

F@)g(@)] < %}uw + émx)\q.

Integrating this inequality yields || fg||z1 < 1, and the proof of the Holder inequality is complete.
We are now ready to prove the triangle inequality for the L” norm.

Theorem 10.1.2 (Minkowski). If 1 <p < oo and f,g € LP, then f+¢g € LP? and ||f + gllzr < ||fllr + |9 Lr.

Proof. The case p = 1 is obtained by integrating |f(z) + g(z)| < |f(z)| + |g(z)|. When p > 1, we may begin
by verifying that f + g € L?, when both f and g belong to LP. Indeed,

[f(2) + ()" <27 (|f ()" + [9(2)[") ,
as can be seen by considering separately the cases |f(x)| < |g(z)| and |g(z)| < |f(z)|. Next we note that
£ (@) + g@)I” < [f@)|If (@) +g(@) P~ + lg(@)[|f(x) + g(a)[P~".

If ¢ denotes the conjugate exponent of p, then (p — 1)qg = p, so we see that (f + g)P~! belongs to L9, and
therefore Holder’s inequality applied to the two terms on the right-hand side of the above inequality gives

1F +gllfe < I llee [+ 9P o + lgllee [[(F + 9] 0 (10.3)

However, using once again (p — 1)q = p, we get
I+ 970 = IF + gl

From (10.3), since p — p/q = 1, and because we may suppose that || f+ g||.» > 0, we find

If +glle < 1fllze + llgllze

so the proof is finished. O

We also see a simple corollary of Holder’s inequality.

Corollary 10.1.3. Suppose % = p% + p% (so p1 > p and ps > p if neither of them is co, and thus 1 < %, %2 <

_p p 1 1 . y . . .
00). Then 1 = iy i ey and Holder’s inequality gives

1 1 1
1£gllze = IFIPLgIP I < WFPIE g = 1 f e llgl oo,

if f e LP and g € LP2.
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Remark 10.1.4. The LP and L7 spaces need in general not be contained in one another in any particular
way. There is one exception, where we have a clear rule. If u(X) < oo and p < ¢ we have by Holder’s
inequality that with s = ¢/p > 1 that

1
7

J i an< (/X|f|p5 du)i(/)(ls’du)s
=( /. |f|QdM)§u<X>1—i

P

— I (X)

and so )

[ fllze ey < I llzam(X)7 .

So we have the quantitative estimate from above - in particular, we have L4(y) C LP(u). It would be possible
to establish the inclusion with a more elementary argument as well.

Completeness of P

The triangle inequality makes L? into a metric space with distance d(f,g) = ||f — g||z». The basic analytic
fact is that L? is complete in the sense that every Cauchy sequence in the norm | - ||.» converges to an
element in LP. Taking limits is a necessity in many problems, and the L? spaces would be of little use if they
were not complete. Fortunately, like L' and L2, the general L? space does satisfy this desirable property.

Theorem 10.1.5. The space L?(X, F, j1) is complete in the norm || - || z».

Proof. The argument is essentially the same as for L' (or L? ); see Section 2, Chapter 2 and Section 1,
Chapter 4 in Book III. Let {f,},-, be a Cauchy sequence in L?, and consider a subsequence { f,, },-, of
{fn} with the following property HfTLkJrl fr H e <27 k for all £ > 1. We now consider the series whose
convergence will be seen below

F@) = For (@) + D (frpss (@) = fo, (2))
k=1

and

9(x) = |fo, (x \+Z|fm+1 — [ (@)

)

and the corresponding partial sums

K
SK(f)( fn1 +Z fnk+1 fﬂk( ))
k=1

and

SK( )( Ifnl |+Z|fnk+1 fnk( )|
The triangle inequality for LP implies

K
HSK(Q)HLP < anlHLP +Z ank+1 - fnkHLP

k=1

K
<l + D275

k=1
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Letting K tend to infinity, and applying the monotone convergence theorem proves that [ g? < oo, and
therefore the series defining g, and hence the series defining f converges almost everywhere, and f € L?.

We now show that f is the desired limit of the sequence {f,,}. Since (by construction of the telescopic series)
the (K — 1)™ partial sum of this series is precisely f,,,., we find that

fox (@) = f(x)  ae. .

To prove that f,,,, — f in L? as well, we first observe that

(@) = Sk (N)@)I < [2max (|f(2)], Sk (f)(@)])]”
<2 f (@) + 27 |Sk () (@)
< 27 g ()P
for all K. Then, we may apply the dominated convergence theorem to get || f,,. — f|/;, — 0 as K tends to
infinity.
Finally, the last step of the proof consists of recalling that { f,,} is Cauchy. Given € > 0, there exists N so that

for all n,m > N we have ||f, — fmll;» < €/2. If nk is chosen so that nx > N, and || fn,. — f|l;» < €/2, then
the triangle inequality implies

an - f”Lp < ||fn - an”LP + anK - f”LP <€
whenever n > N. This concludes the proof of the theorem. O

Further remarks

We begin by looking at some possible inclusion relations between the various L? spaces. The matter is simple
if the underlying space has finite measure.

Proposition 10.1.6. If X has finite positive measure, and py < p;, then LP* (X) C LPo(X) and

1 1
WWHL% < WHfHLm-

We may assume that p; > po. Suppose f € L, and set F' = |f|P°, G =1,p=p1/po > l,and 1/p+1/q =1,
in Holder’s inequality applied to F' and G. This yields

o Po/p1 .
1Al < (/|fp1) (X)) —po/p1_

In particular, we find that || f|| -0 < co. Moreover, by taking the p! root of both sides of the above equation,
we find that the inequality in the proposition holds.

However, as is easily seen, such inclusion does not hold when X has infinite measure. Yet, in an interesting
special case the opposite inclusion does hold.

Proposition 10.1.7. If X = Z is equipped with counting measure, then the reverse inclusion holds, namely
LPo(Z) C LP(Z) if po < p1. Moreover, || f||Lrr < || f||Lro-

Indeed, if £ = 1)}z then 517 = 155 anda, 1) < |50 Howerver
ILGICES S OINOIEE
(<swlston)” " st
< 1 11Z0
Thus |z < [l
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The case p =

Finally, we also consider the limiting case p = oo. The space L>° will be defined as all functions that are
“essentially bounded” in the following sense. We take the space L°>°(X, F, u) to consist of all (equivalence
classes of) measurable functions on X, so that there exists a positive number 0 < M < oo, with

|f(x)] <M ae. z.
Then, we define || f|| . (x, 7, to be the infimum of all possible values M satisfying the above inequality. The
quantity || f|| L~ is sometimes called the essential-supremum of f.

We note that with this definition, we have |f(z)| < ||f||L~ for a.e. z. Indeed, if E = {z : |f(x)| > || fllz=},
and E, = {x: |f(z)| > | fllz= + 1/n}, then we have u (E,) =0, and E = |J E,,, hence u(F) = 0.

Theorem 10.1.8. The vector space L™ equipped with || - ||« is a complete vector space.

This assertion is easy to verify and is left to the reader. Moreover, Hoélder’s inequality continues to hold for
values of p and q in the larger range 1 < p, ¢ < oo, once we take p = 1 and g = oo as conjugate exponents,
as we mentioned before.

The fact that L*° is a limiting case of L? when p tends to oo can be understood as follows.

Proposition 10.1.9. Suppose f € L is supported on a set of finite measure. Then f € L? for all p < oo,
and
[flle = [[fllLe  asp— oo.

Proof. Let E be a measurable subset of X with u(E) < oo, and so that f vanishes in the complement of E.
If u(E) =0, then || f||z= = ||f|lL» = 0 and there is nothing to prove. Otherwise

1/p 1/p
nﬂup—(lgﬂwpwo g(ﬁJﬂﬁwmﬁ < Il pi(B).

Since u(E)'/? — 1 as p — oo, we find that lim SUp, o0 || fllze < [|f]|L. On the other hand, given ¢ > 0, we
have
w{z:|f(@)| > ||flloe —€}) >0 for somed > 0,

hence

/Wﬂwuzamﬂnm—aﬂ
X

Therefore liminf inf, ,~ || f|zr > ||f]lz~ — €, and since € is arbitrary, we have liminf, o || fllzr > [|f]lLe-
Hence the limit lim,,_, || f||z» exists, and equals || f|| . O
Banach spaces

We introduce here a general notion which encompasses the L? spaces as specific examples.

First, a normed vector space consists of an underlying vector space V' over a field of scalars (the real or

complex numbers), together with a norm || - || : V' — R that satisfies:
- |lv|l = 0 if and only if v = 0.
- lav]] = |a||v]|, whenever « is a scalar and v € V.

-l +w| < ||v|| + |Jw] for all v,w € V.
The space V is said to be complete if whenever {v,} is a Cauchy sequence in V, that is, ||v, — vn| — 0 as
n, m — oo, then there exists a v € V such that ||v,, — v|| = 0 as n — oc.

A complete normed vector space is called a Banach space. Here again, we stress the importance of the
fact that Cauchy sequences converge to a limit in the space itself, hence the space is ”closed” under limiting
operations.
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Examples

The real numbers R with the usual absolute value form an initial example of a Banach space. Other easy
examples are R?, with the Euclidean norm, and more generally a Hilbert space with its norm given in terms
of its inner product. Several further relevant examples are as follows:

Example 10.1.10. The family of L? spaces with 1 < p < oo which we have just introduced are also important
examples of Banach spaces. Incidentally, L? is the only Hilbert space in the family L?, where 1 < p < oo
(Exercise 25) and this in part accounts for the special flavor of the analysis carried out in L? as opposed to
L' or more generally L? for p # 2.

Finally, observe that since the triangle inequality fails in general when 0 < p < 1, - ||» is not a norm on L?
for this range of p, hence it is not a Banach space.

Example 10.1.11. Another example of a Banach space is C([0, 1]), or more generally C'(X) with X a compact
set in a metric space. By definition, C(X) is the vector space of continuous functions on X equipped with the
sup-norm || f|| = sup,cx |f(z)|. Completeness is guaranteed by the fact that the uniform limit of a sequence
of continuous functions is also continuous.

Example 10.1.12. The space A (R?) of all continuous functions on R? with the norm
f@) — fy
ey = sup [£(a)] + sup L =W
z€RI sty [T =Yl

is a Banach space.

The space L (R?) is the subspace of L? (R?) of all functions that have weak derivatives up to order k. This
space is usually referred to as a Sobolev space. A norm that turns L} (R?) into a Banach space is

1 ez may = D 102 Fll ooy

la|<k

Linear functionals and the dual of a Banach space

For the sake of simplicity, we restrict ourselves in this and the following two sections to Banach spaces over
R; the reader will find in Section 6 the slight modifications necessary to extend the results to Banach spaces
over C.

Suppose that 5 is a Banach space over R equipped with a norm || - ||. A linear functional is a linear mapping
¢ from B to R, that is, ¢ : B — R, which satisfies

Uaf + Bg) = al(f) + Bl(g), foralla,f eR, and f,g € B.

A linear functional ¢ is continuous if given ¢ > 0 there exists 6 > 0 so that [¢/(f) — ¢(g)| < e whenever
IIf = g|l < 4. Also we say that a linear functional is bounded if there is M > 0 with |[¢(f)| < M]||f]| for all
f € B. The linearity of ¢ shows that these two notions are in fact equivalent.

Proposition 10.1.13. A linear functional on a Banach space is continuous, if and only if it is bounded.

Proof. The key is to observe that £ is continuous if and only if ¢ is continuous at the origin.

Indeed, if ¢ is continuous, we choose ¢ = 1 and ¢ = 0 in the above definition so that |/(f)| < 1 whenever
[I7II <6, for some ¢ > 0. Hence, given any non-zero h, an element of 3, we see that /||| has norm equal
to d, and hence |¢(0h/||h]])| < 1. Thus [£(h)] < M| k| with M = 1/6.

Conversely, if ¢ is bounded it is clearly continuous at the origin, hence continuous. O
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The significance of continuous linear functionals in terms of closed hyperplanes in B is a noteworthy geo-
metric point to which we return later on. Now we take up analytic aspects of linear functionals.

The set of all continuous linear functionals over B is a vector space since we may add linear functionals and
multiply them by scalars:

(br +62) (f) = () + 62(f)  and  (af)(f) = l(f).

This vector space may be equipped with a norm as follows. The norm ||¢|| of a continuous linear functional ¢
is the infimum of all values M for which |¢(f)| < M]||f]| for all f € B. From this definition and the linearity
of ¢ it is clear that

l
€= sup 16(P] = sup Ja(f)| = sup LD
If1<1 E 70 /]
The vector space of all continuous linear functionals on B equipped with || - || is called the dual space of 5,

and is denoted by B*.
Theorem 10.1.14. The vector space 5* is a Banach space with the norm || - ||.

In general, given a Banach space B, it is interesting and very useful to be able to describe its dual 5*. This
problem has an essentially complete answer in the case of the LP spaces introduced before.

The dual space of L.? when 1 < p < ©

Suppose that 1 < p < oo and q is the conjugate exponent of p, thatis, 1/p + 1/¢ = 1. The key observation
to make is the following: Holder’s inequality shows that every function g € L9 gives rise to a bounded linear
functional on L? by

anaéﬁmwwm, (10.4)

and that ||¢|| < ||g||za. Therefore, if we associate g to ¢ above, then we find that L¢ C (L?)* when 1 < p < c0.
The main result in this section is to prove that when 1 < p < oo, every linear functional on L? is of the form
(10.4) for some g € LY. This implies that (LP)" = L9 whenever 1 < p < oo. We remark that this result is in
general not true when p = oo; the dual of L* contains L', but it is larger.

Theorem 10.1.15. Suppose 1 < p < oo, and 1/p + 1/q = 1. Then, with B = L? we have
B* =19,

in the following sense: For every bounded linear functional ¢ on L? there is a unique g € L9 so that

o0f) = /X f(z)g(x)du(x), forall fe LP.

Moreover, ||{|

5 = [lgllLa-

This theorem justifies the terminology whereby ¢ is usually called the dual exponent of p.

The proof of the theorem is based on two ideas. The first, as already seen, is Holder’s inequality; to which a
converse is also needed. The second is the fact that a linear functional £ on L?,1 < p < oo, leads naturally
to a (signed) measure v. Because of the continuity of ¢ the measure v is absolutely continuous with respect
to the underlying measure u, and our desired function ¢ is then the density function of v in terms of . We
begin with:

Lemma 10.1.16. Suppose 1 < p,q < oo, are conjugate exponents.

(1) Ifg S Lq, then ||g||Lq = sup“fHLpgl |f fg|.
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(i) Suppose g is integrable on all sets of finite measure, and

sup

I fllLp <1
f simple

/fg‘:M<oo.

Then g € L9, and ||g||z« = M.
For the proof of the lemma, we recall the signum of a real number defined by
lifz >0

sign(z) = ¢ —1lifz <0
Oifx=0

Proof. We start with (i). If g = 0, there is nothing to prove, so we may assume that g is not O a.e., and hence
llgllLs # 0. By Holder’s inequality, we have that
/ fg‘ :

lgllza = sup
Ifllze <1

To prove the reverse inequality we consider several cases.

* First, if ¢ = 1 and p = oo, we may take f(x) = signg(z). Then, we have ||f||L~ = 1, and clearly,

[ fg=lgll

* If 1 < p,q < oo, then we set f(z) = |g(x)|? " sign g(z)/||g||%,". We observe that

/ - -1
1£15, = / lg(@) P D/ g2 = 1

[ t9=lglr

* Finally, if ¢ = co and p = 1, let € > 0, and E a set of finite positive measure, where |g(z)| > ||g|lL~ — €.
(Such a set exists by the definition of ||g||~ and the fact that the measure p is o-finite.) Then, if we
take f(z) = xg(z)signg(x)/u(E), where y denotes the characteristic function of the set F, we see

that || f||z» = 1, and also
1
= > |lglloo — €.
[ 19 = g5 11> 1l

This completes the proof of part (i). To prove (ii) we recall, e.g. see Section 2 in Chapter 6 of Book III,
that we can find a sequence {g,} of simple functions so that |g, (z)| < |g(x)| while g,(x) — g(x) for each x.
When p > 1 (s0 ¢ < 00 ), we take f,, () = |gn(z)|* " signg(z)/ [|gn||%,". As before, || fn|,, = 1. However

|gn ()]
[ g =L g,
HgnHLq

and this does not exceed M. By Fatou’s lemma it follows that [ |g|? < MY, so g € L4 with ||g||p« < M. The
direction ||g||z« > M is of course implied by Holder’s inequality.

since p(qg— 1) = ¢, and that

When p = 1 the argument is parallel with the above but simpler. Here we take f,(z) = (signg(z))xg, (x),
where FE,, is an increasing sequence of sets of finite measure whose union is X. The details may be left to
the reader.
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With the lemma established we turn to the proof of the theorem. It is simpler to consider first the case when
the underlying space has finite measure. In this case, with ¢ the given functional on L?, we can then define
a set function v by

v(E) =Ll(xE),
where F is any measurable set. This definition makes sense because x g is now automatically in L? since the
space has finite measure. We observe that

V(E)| < e(u(E))7, (10.5)
where c is the norm of the linear functional, taking into account the fact that || x g, = (u(E))'/?.

Now the linearity of ¢ clearly implies that v is finitely-additive. Moreover, if { E,,} is a countable collection of
disjoint measurable sets, and we put E = {J,;_, E,, Ey, = U,_ v, En, then obviously

N
XE = XE3, + Z XE, -

n=1

Thusv(E) =v (E7v)+257\,]:1 v (E,). However v (E}) — 0, as N — oo, because of (10.5) and the assumption
p < oo. This shows that v is countably additive and, moreover, (10.5) also shows us that v is absolutely
continuous with respect to .

We can now invoke the key result about absolutely continuous measures, the Lebesgue-Radon-Nykodim
theorem. (See for example Theorem 4.3, Chapter 6 in Book III.) It guarantees the existence of an integrable
function ¢ so that v(E) = [ 5 9dp for every measurable set E. Thus we have /(xg) = [ xegdp. The
representation /(f) = [ fgdu then extends immediately to simple functions f, and by a passage to the limit,
to all f € LP since the simple functions are dense in LP,1 < p < oo. Also by Lemma 4.2, we see that
lgllze = 11€]I- O

To pass from the situation where the measure of X is finite to the general case, we use an increasing sequence
{E,} of sets of finite measure that exhaust X, thatis, X = |J,, E,. According to what we have just proved,
for each n there is an integrable function g,, on E,, (which we can set to be zero in E¢ ) so that

(f) = /fgndu

whenever f is supported in F,, and f € L”. Moreover by conclusion (ii) of the lemma ||g, ||, < [|£]|.

Now it is easy to see because of above displayed equation that g, = g¢,,, a.e. on E,,, whenever n > m. Thus
lim,, o0 gn(x) = g(z) exists for almost every x, and by Fatou’s lemma, ||g||z« < ||£||. As a result we have that
((f) = | fgdp for each f € LP supported in E,,, and then by a simple limiting argument, for all f € L?. The
fact that ||¢]] < ||g|lLs, is already contained in Holder’s inequality, and therefore the proof of the theorem is
complete.

Remark 10.1.17. For Lemma above, we note that

sup{]/fg] N ler < 1} =sup{ [ 73] 1510 = 1}

sup{‘/fg‘ Nfllee <1, f simple} = sup{ /fg MWAllee =1, f simple}

and similarly,

The > direction is trivial. The other direction is because for any g with || f||z» < 1, we have

O e ’/ <||fﬁm> g’ - ||{f|{fp| s ‘/f“’“
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Since ||WHLP =1, we see

sup{‘/fg‘ Nl = 1} > ‘/fﬂmg

establishing the reverse direction.

*)
>

/fg‘,

10.2 Distributions
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